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1. Introduction

(1.1) Let J: R(S) = &,/SP,(Z) be the period mapping of the Riemann
space R(S) of a nonsingular curve S of genus g to the Siegel modular space
©,/SP,(Z) of degree g. Both of these spaces R(S) and &,/SP,(Z) can be
compactified to projective varieties in a natural manner. The compactification
R(S) of R(S) is known as the moduli space of stable curves or the augmented
Riemann space. As for the Siegel space, its compactification &% /SP,(Z) is
called the Satake space, and in our previous paper [7] we studied the stable
cohomology H*(&7%/SP,(Z)) of this space. From the work of Namikawa (see
[17]) it is known that the classical period mapping can be extended to a map J:
RS> © 3/ SP,(Z) of the compactifications. One of our original goals in
writing this paper was to study the cohomological nature of this map. Our
result follows (see also (7.1.4)).

Theorem. The stable cohomology H*(&% /SP,(Z); Q) of the Satake space is
a tensor product of two polynomial rings Q[x,] ® Q[y,], degree x, = 4i + 2,
0<i<oo, degree y,=4j+12, q < j < o0. The induced map on cohomology
J*: H*(S%/SP(Z);, Q) —> H*(R(S); Q) kills the second polynomial ring
J*(Yaj42) = 0.

Recently E. Miller proved independently that J* maps the first polynomial
ring Q[x,] injectively into H*(R(S); Q) in a stable range (see [16]). Thus his
results, combined with the above theorem provide a complete answer for the
induced mapping of J on stable cohomology.

(1.2) To establish our theorem, we have to overcome some of the technical
difficulties which are typical in studying the homotopy nature of moduli
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spaces. One of our goals in this paper is to set up a convenient framework in
which we can solve these problems. First, many of these moduli spaces are
obtained by gluing Filenberg-MacLane spaces K (7, 1) together. Although each
individual piece has a fixed homotopy type determined by the fundamental
group, after gluing them together this rigid homotopy structure is lost because
of the choice of base point involved. For these reasons, we formulate the
construction in terms of a certain functor Sim; X — Top from the simplices of
a building with G-action to the category of topological spaces. We exploit
carefully the notion of universal G-spaces so that at the end there is a rigid
homotopy type. Our results are too technical to be summarized here (see
(3.3.6)).

Moduli spaces are rarely smooth manifolds, but they can be triangulated
into stratified polyhedra. Thus to control the topology near a stratum, it is
convenient to adopt the theory of regular neighborhoods, familiar to piecewise
linear topologists. This theory goes hand-in-hand with the categorical frame-
work mentioned above, and seems to be ideal for our purposes.

(1.3) This paper is divided into eight sections. §1 is the Introduction. In §2,
we give a brief summary of results required of Teichnitiller theory. We adopt
the point of view of L. Bers, B. Maskit, W. Abikoff (see [4], [13], [1]) and others
because it is more accessible to topologists. In §3, we describe the categorical
framework which is the backbone of this paper, and in the following section we
present a theory of regular neighborhoods of stratified polyhedra. In §5, we
begin to treat the augmented Riemann space R(S) using our theory, and this is
completed in §6 by showing that there is a description of R(S) in terms of the
category of stable curves. In §7, we recall the treatment of the Satake
compactification in our previous paper [7]. The last section is devoted to the
proof of our main theorem.

(1.4) We would like to acknowledge our debts to J. Harer and S. Wolpert for
explaining to us various aspects of Teichmuller theory. To F. Raymond, we
owe the treatment of regular neighborhoods in §4. Our original treatment of
this topic was extremely cumbersome, and it is based upon a conversation with
him that we arrived at the present formulation.

2. Moduli space of stable curves

In this section, we collect some of the basic facts and generalities concerning
the moduli space of stable curves. Since these are well established facts, we will
not provide proofs here but will give standard references where the proofs can
be found.
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(2.1) The word “moduli” comes from Riemann in his discussion of the space
of Riemann surfaces. By a Riemann surface, we mean a connected, 1-dimen-
sional complex manifold. Topologically, it is a two-dimensional differentiable,
orientable manifold and up to homeomorphism it is completely determined by
its genus [14]. However, a Riemann surface does not have a fixed Riemannian
structure. Instead it has a conformal structure, for linear homomorphisms of C
are conformal transformations, z — az.

Modern development of this subject perhaps started from the work of A.
Weil. Let G be a Lie group, and = a discrete subgroup of G. Then the
deformation space of w in G, denoted by Def(7, G), is the space of all injective
homomorphisms §: # — G such that the image 6(7) is closed. There is a
natural topology on this space defined by considering this as a subspace in the
function space G”. Given an element § in Def(w, G) we can deform 8 by
composing § with the conjugation by an element « in G,

(af)(y)=a-0(y)-a”l, yea.

These are regarded as trivial deformations, and so it is natural to take the
quotient space Def (7, G) = Def(7, G) /G which is called the reduced deforma-
tion space.

(2.2) The above discussion is in a setting far more general than is necessary
for us. Our situation belongs to the deformation of the surface group =,

{group generated by 2g generators Xy, yy, Xy, ¥, *** Xy, ¥y

and one relation [ x;, y;] - - - [xg, yg] =1,

into the projective special linear group G = PSL,(R). Given an element § in the
deformation space Def(, PSL,(R)), the quotient space of the upper half-plane
&, = SO, \ PSL,(R) by the action of #(7) is a surface S; = &, /0(7) with
fundamental group 7. If two embeddings #: = — PSL,(R) and 6: 7= —
PSL,(R) differ by the action of an element a in PSL,(R), #§ = a - 8, then the
surfaces S, and S; are homeomorphic as complex manifolds. Hence every
element in the reduced deformation space Def (7, G) gives rise to a Riemann
surface.

Now a Riemann surface obtained in this manner has a natural Riemannian
structure, namely the metric induced by the Poincare metric on the upper
half-plane. With respect to this metric, the manifold S, has constant negative
curvature, K = —1, and it is usually referred to as a hyperbolic manifold.
From the classical uniformization theorem (see [2]), a necessary and sufficient
condition for a Riemann surface to be hyperbolic is that it have negative Euler
characteristic, x(S) < 0, or in other words its genus be bigger than 1, g > 1.
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An element 8 in the deformation space Defy(7, PSL,(R)) contains more
information than the Riemann surface S, itself. To see this, we choose a fixed
embedding of 7 into PSL,(R), i: # = PSL,(R), and let S = S, be the corre-
sponding surface. By a topological theorem of Nielson, there is a homeomor-
phism F: &, » &,; which induces the action of 8, 6(y) = Fei(y)e F~ L.
Passing to the quotient spaces S and S,, we obtain a topological homeomor-
phism ¢: § — S, between the two Riemann surfaces. Such homeomorphisms ¢
are not determined by the class [#] in Def,(7, PSL,(R)). First of all ¢ can be
changed by isotopy, and second of all, there are trivial deformations men-
tioned before. Taking both of these into account, we consider the space of all
triples (¢, S, S’), where S’ is a Riemann surface and ¢: § — S’ is a homeomor-
phism, not necessarily preserving the complex structures. Two such triples,
(¢, S, S") and (¢”, S, S”), are said to be equivalent if and only if there exists a
complex homeomorphism 4 such that

’

§— 8

¢u l h

SII

is commutative up to homotopy. It is not difficult to verify that these
equivalence classes of triples [¢, S, S’] can be identified with the reduced
deformation space Def (7, PSL,(R)) (see [8]). It is interesting to point out that
the above formulation can be compared with the action of “the set of
homotopy triangulations”, or “the set of homotopy smoothings” developed in
surgery theory of manifolds.

(2.3) Long before the modern theory of Weil and others, this last space was
studied by Teichmiller, and so it is more appropriate to denote
Def,(w, PSL,(R)) by T(S) and call this the Teichmilller space. Let T(S)
denote the mapping class group. By that we mean the orientation preserving
automorphism group of #, Aut™(7), modulo the subgroup Inn(w) of inner
automorphisms, i.e., I'(S) = Aut*(7) /Inn(7). Every element g in T'(S) de-
termines, up to isotopy, a unique class of topological orientation-preserving
homeomorphisms of §, i.e.

T(S) = {g: S — S, orientation-preserving homeomorphism} /isotopy.

There is an action on the Teichmiiller space T(S) defined by sending a triple
[#, S, S] to the triple [¢og, S, S’]. In terms of the deformation space
Def, (7, PSL,(R)), this means changing an injection §: # — PSL,(R) to another
injection f o g by composing with the isomorphism g. It is not difficult to verify
that this action on the Teichmiiller space T(.S) is discontinuous (see [1, p. 80]).



MODULI SPACE OF STABLE CURVES 189

The quotient space under this action is called the Riemann space, R(S) =
T(S)/T(S). In terms of equivalence classes [, S, S’] in 7(S), this means to
forget about the homeomorphism ¢, and so elements in R(S) coincide with the
isomorphism classes of Riemann surfaces [S’] with the same genus as S.
Riemann stated without proof that this space R(S) may be holomorphically
parametrized by 3g — 3 complex parameters. To establish this was clearly the
motivation behind the work of Fricke and Teichmiiller.

(2.4) In the early 60’s, W. L. Baily proved that R(S) has the structure of a
quasiprojective variety. In other words, it can be compactified into a projective
variety with R(S) as a Zariski open set. The starting point of Baily was the
study of the Siegel modular space & ,/SP,(Z) of degree g, and its compactifi-
cation known as the Satake compactification &% /SP (Z) (see [7] for additional
information). Since Riemann’s time, the space R(S) has been studied by
means of a period mapping J: R(S) > & o/ SP,(Z) which assigns a Riemann
surface to a matrix (Riemann matrix) of period integrals. Baily not only proved
that the Satake space is a projective variety, but that the Riemann space R(S),
embedded by J, can be compactified accordingly.

In the middle 60’s, algebraic geometers began to formulate the modern
definition of the word “moduli”. Both the Siegel space & ,/SP,(Z) and the
Riemann space served as wonderful examples. As it turns out, the latter space
coincides with the coarse moduli space M, of algebraic curves of genus g over
the complex field, R(S) = M,(C), g = genus of S. In [12], Mumford and
Deligne showed that M, has a natural compactification as the course moduli
space M of stable curves (see below). This compactification was quite differ-
ent from that of Baily, and this was one of the topics in Mumford’s address at
the 1970 International Congress of Mathematicians. )

(2.5) In the decade of the 70’s, many papers appeared interpreting Mumford’s
compactification in the framework of the Teichmiller theory. This approach
began with the work of L. Bers (see [4], [5]), and continued in a series of papers
by B. Maskit and W. Abikoff (see [13], [1], [2]). There are also contributions by
W. J. Harvey, A. Marden, and many others (see [8], [9], [12]).

The central idea of this approach relies on the concept of Riemann surfaces
with nodes. By that we mean a compact, connected, complex analytic space S,
such that every point P in S; has a local neighborhood isomorphic either to the
disk |z;} < 1 in C or to the cone z;z, = 1, |z;] < 1, |z,| < 1 in €2 The first
represents the generic points in .S, which are locally euclidean, and the second
represents isolated singularities in S, which can be obtained topologically by
collapsing a meridian circle in a cylinder to a point. The latter set of points are
called the nodes of the surface, and since S, is compact, there are only a finite
number of nodes P, - -, P,.
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The complement S, — { P;,---,P,} forms a nonsingular surface, and the
components Z,,- - -, =, are called parts. A surface with nodes is called stable (or
hyperbolic) if every part =, has the upper half-plane &, as its universal
covering space. The last condition excludes the situation where a part of S, is
the 2-sphere P(C) with 0, 1, or 2 punctures, or where it is a torus with 0 or 1
puncture. Let g; be the genus of the Riemann surface 2, 1 < i < r. Then the
genus g of the stable surface S, with nodes is defined by the formula
g=(g — 1+ ---+(g, — 1)+ k + 1. Alternatively, each stable surface S, is
homeomorphic to the quotient space of a nonsingular surface S of genus g
after collapsing a system « of disjoint, simple, closed curves to node points,
S, = S/a. Note that this system of curves has the property that no single curve
bounds a disk and no two curves bound a cylinder. This is referred to as an
admissible system of curves in S.

(2.6) From now on, we fix a nonsingular surface S of genus g. We define the
augmented Riemann space R(S) as the set of all isomorphism classes of stable
Riemann surfaces with nodes [S,] whose genus is the same as S. From the
viewpoint of function spaces, L. Bers introduced in [4] a topology on this space
R(S) which extends the topology on the subspace R(S) and makes R(S) a
complex analytic space.

For each stable surface S;, we define R(S;) to be the subspace in R(S)
consisting of all stable surfaces homeomorphic to ;. This is referred to as the
Riemann space R(S,) associated to S,. Clearly R(S;) = R(S{) if and only if S
and S} are homeomorphic, and we can write R(S) as the disjoint union
RSY=11 s, R(S,), where S, runs through all representatives of distinct homo-
morphism types of stable surfaces of genus g.

With respect to Bers’ topology, our original Riemann space R(S) is con-
tained in R(S) as an open dense set. Its boundary f{(S } ~ R(S) consists of all
Riemann spaces Ll R(S,), wAhere S, # S, and S can be deformed onto S,. In
the same manner, the closure R(S,) of R(S,) can be regarded as the augmented
Riemann space of S, for the boundary R(Sy) ~ R(S,) is again the union of all
Riemann spaces L1 R(S;), where Sj # S, and S, can be deformed onto Sg.

From the viewpoint of algebraic geometry, the augmented Riemann space
R(S) is a projective variety of dimension 3g — 3, and each of the closures
R(S,) is a subvariety of codimension /, where / is the number of nodes in S,
(see {4]). By an abuse of notation, we will also write R(S;) as R(S/a), where a
is an admissible system of curves in S with S, = S /a. Then there is a filtration
of subvarieties

R(S)> [T R(S/a)> [T R(S/2)> - > [I R(S/a),

|a|=1 ja|=2 [e}=3g—3
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where |a| denotes the number of curves in . This filtration makes R(S) a
stratified space in the sense of R. Thom and J. Mather (see [21] and [15]).

(2.7) To describe the topology on R(S) we can proceed as follows.

Let S, and S, be two Riemann surfaces with nodes and with the same genus
g. A deformation [F, S, S,] of S; onto S, is a continuous map F: S; — S, such
that

(2.7.1) F is onto,

(2.7.2) F~Y(node) is either a node or a Jordan curve in S,

(2.7.3) if 2 is the disjoint union of all the parts in S,, then the restriction of
F onto the subspace F~1(Z) is an orientation-preserving homeomorphism onto
.

Two deformations F: S7 — S, and G: S} — S, are said to be equivalent to
each other if there exists a complex homeomorphism 4: S7 — S{’ such that the
following diagram is commutative up to homotopy:

S ———5,

|

I
Sl

Given a stable Riemann surface S, with nodes and with genus g, the set of all
equivalence classes of deformations [F, S’, S;] onto S, is called the deforma-
tion space of S, and is denoted by D(S,).

There is a canonical mapping 7: D(S;) — R(S) of the deformation space
onto the Riemann space defined by taking a deformation [F, S’, S;] onto the
domain S’. Within a fixed genus g, there are only finitely many nonhomeomor-
phic stable Riemann surfaces S, - -, S, with nodes. For each type of surface
Sy, --,S,, the above construction gives us a deformation space D(S;) and a
projection w: D(S;) — R(S), 1 <i<d, into R(S). It is easy to see that the
union of all the images 7(D(S;)) contains every point in the augmented
Riemann space R(S).

A partition of a Riemann surface S, with k£ nodes is a set of 3g — 3 — k
disjoint geodesic Jordan curves on S, such that the curves and nodes separate
the surface S, into disjoint regions each of which is topologically homeomor-
phic to a punctured 2-sphere P'(C) with three holes. The Jordan curves and
nodes are called the boundary elements of the partition, and the disjoint
regions are called pants. An ordered partition is one with an ordering of pants
together with an ordering on the three boundary elements of each region.
Associated to an ordered partition, there are 3g — 3 complex numbers
$15 - *»§5,_3, known as the Fenchel-Nielsen coordinates, where the norm |[{;| is
the length of the ith boundary element and, for §; # 0, the angle Arg¢; is the
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twist parameter §; determined by the position of the endpoints of certain
geodesic arcs joining and orthogonal to distinct boundary elements.

Let S, be a terminal Riemann surface. By that we mean that it has 3g — 3
nodes, or equivalently it is partitioned by nodes. We fix an order for this
partition. For any deformation F: S — S,, there is an induced partition on S
obtained by deforming every Jordan curve F~(node) into a geodesic, and by
ordering the pants in S according to the ordering in S,. The Fenchel-Neilson
coordinates of S now give rise to a map D(S,) = C3%73 of the deformation
space D(S,) into the complex affine space of dimension 3g — g. We call this
the Fenchel-Nielson map. It follows from the well-known results of Fenchel-
Nielson (see [1]) that the above mapping is a bijection, and so we can introduce
a complex analytic structure on D(S,) by means of this mapping. If we write
R(S) as a union R(S) = T(D(S, )Y - U n(D(S,)) (see also (2.6)), where
S, rtuns through a set of topologically distinct terminal surfaces S,, then the
topology on R(S) coincides with the weak topology induced by the deforma-
tion spaces D(S, ), 1 <i < k.

(2.8) For the other deformation spaces D(S,), we choose a deformation h:
So = S, of S, onto a terminal surface S,. As mentioned before, this gives a
partition on S, with a preferred ordering. For any deformation { F, S, S,) this
ordered partition again gives rise to 3g — 3 Fenchel-Nielson coordinates
15718355 of S’, and so an induced map h,: D(S,) = D(S,)=C’*>.
However, this is neither injective nor surjective. To every node P in S,, there is
a distinguished subspace { P) in D(S,) consisting of all deformations F: §* — S,
such that F~1(P) is a node in S’. Under the identification in (2.7.1) this
distinguished set ( P) is mapped onto a coordinate hyperplane {, = 0, for
some .

Let { P,,---,P,} be the set of nodes in S, whose preimage F~1(P;) in S, is a
geodesic curve. Then the image /,(D(S,)) of the above mapping 4, in D(S,)
coincides with the complement of the union of distinguished sets ( P;) U «-- U
(P), ie. ho(D(Sp)=D(S)— (P,) U --- U (P). Since each (P) is a
hyperplane, we have an isomorphism of 4,(D(S;)) with the product space
(SY) x R! x €383~/ It turns out that there is in fact a canonical isomor-
phism of D(S,) with the universal covering space C3273 of (S')’ X R X
€373~/ and the map h, is the covering map. One way to achieve this
isomorphism is to redefine each of the angle parameters 8, = Arg({;) in the
Fenchel-Neilson coordinates so that it is measured by a geodesic distance in
the universal covering space of the open surface S; — {nodes} (see [2, p. 93]).

(2.8.1) The deformation space D(S,) of a Riemann surface with nodes is
isomorphic to the complex affine space C3573 under an isomorphism which takes
every distinguished subset (P) to a coordinate hyperplane.
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A deformation A: S, — S, between two surfaces S;, S, (not necessarily
terminal) gives rise to a holomorphic mapping % ,: D(S;) - D(S,) defined by
sending an element F: §' — §; in D(S,) to an element Ao F: §’ - S, in
D(S,). It has the following properties.

(2.8.2) If h is a homeomorphic deformation, then the induced map h,:
D(S,) = D(S,) is an isomorphism.

(2.8.3) If S, has l more nodes than S, then the induced map h,: D(S;) = D(S,)
is a universal covering of D(S;) onto h.,(D(S,)), where h,(D(S,)) is the
complement of I distinguished subsets { Py, 1 < i <I, with h"'(P,) geodesic
curves in S;.

(2.9) For a nonsingular surface S, the deformation space D(S) can be
identified with the Teichmiuller space T(S), and the mapping class group I'(S)
operates on D(.S) with the Riemann space R(.S) as its orbit space.

The sitvation for other deformation spaces is more complicated. Given a
Riemann surface S, with nodes, define the mapping class group I'(S,) to be
the group of isotopy classes of homeomorphisms f: S, — S, of S, into itself.
Note that every homeomorphism must keep the set of node points invariant
but not necessarily pointwise fixed. Let A: S — S, be a deformation of a
nonsingular surface S onto S,. Pulling back the node points P, in S, to geodesic
curves A'(P;) in S, we obtain an admissible system a of curves in S. Let
T'(S, @) be the subgroup of the mapping class group I'(S) consisting of
homeomorphisms f,: S — S which preserve the set a up to isotopy. Given a
self-homeomorphism f: S, — S, in I'(S), we can always lift this to a self-
homeomorphism f,: S ~ S in I'(S,, @) such that the diagram

S_——')SO

A

S mims Sy

is commutative up to isotopy. This is because we can always lift homeomor-
phisms locally in a conical neighborhood U of a node point P, to homeomor-
phisms in a cylindrical neighborhood f~'(U) of the corresponding curve
f~Y(P)), and outside these neighborhoods # is a homeomorphism A: S, — a =
S — {P,}. However, such a lifting is not unique. They can differ by Dehn
twists along the geodesic curves in a. In other words, we have a group
extension

(2.9.1) 1> N->T(S,a) > T(S,) - 1,
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where N is the free abelian group generated by the above Dehn’s twists. We
can view this group extension in terms of the induced mapping % ,: D(S) —
D(S,) between the deformation spaces. There are natural actions of the
mapping class groups I'(S, «) and I'(S,) on these spaces, and 4, is equivariant
with respect to these actions. Asin (2.8.3), the projection 4 ,: D(S) = h,(D(S))
of D(S) onto its image #,(D(S)) is a universal covering map with N as its
covering transformation group. The projection map #: h4(D(S)) = D(S,)
—{(P)U ---U{P) > R(S) from the complement of the distinguished
hyperplanes ( P,) to the Riemann space R(S) is a ramified covering map. This
is because the projection 7: T(S) = R(S) of the Teichmiller space D(S) =
T(S) to the Riemann space R(S) is a ramified covering map. If we factor a
ramified covering map 7 by the covering map #,

D(S)&
R(£)/

the result 7: A, (D(S)) — R(S) is again a ramified covering map. Note that
the group I'(Sy) = I'(S, a) /N operates on 4 ,(D(S)) but R(S) is not its orbit
space. However, consider the intersection of all the distinguished hyperplanes
Ni_, (P, in D(S,). Then this can be regarded as the Teichmiiller space of S,
For, this space consists of all deformations f: §” — S, which are homeomor-
phisms and the group I'(S,) operates on this space with the Riemann space
R(S,) as its quotient space. In fact, a stronger version of this observation is
known (see [5, p. 53)).

(2.9.3) For every element x in D(S,), there exists a neighborhood U stable
under the isotropy subgroup I of x in T'(S,), such that two elements x,, x, in U
map onto the same element in R(S), m(xy) = w(x,), if and only if x; = x5 -y
for some yinI_.

An immediate consequence of this is the following.

Lemma (2.9.4). There exists a T'(S,)-equivariant, open, neighborhood W of
N!_, { Py in D(S,) such that its orbit space W/T(S,) under the action of T(S,)
is isomorphic to its projection W in fi(S ) which in turn is an open neighborhood
of R(S8y). i i

Proof of (2.9.4). Consider the closure R(S;) of R(Sy) in R(S). From the
above discussion, it is clear that it is compact and consists of a disjoint union
of lower dimensional Riemann spaces R(S,/«a), R(SO) = 11 R(S,/a). Each of
these Riemann spaces R(S,/«) arises from a stable surface S,/a which is
homeomorphic to the quotient of S, after collapsing a system of admissible
curves a in S, to node points, & ,: S, = Sp/a, ;" (nodes) = a U nodes of S,.

(2.9.2) he(D(S)) = D(S)/N c D(S,),
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Note that S;/a contains more node points than S,. We proceed by induction
based on the decreasing number of node points. In the case where S, is
terminal, N3573 { P,) is a point, so we are reduced to the situation of (2.9.3). As
an induction hypothesis, we may assume that there exists a neighborhood U, of
R(S,/a) in R(S) which can be lifted to a corresponding (S,/a)-equivariant
neighborhood U, in D(S,/a). As in the previous paragraph, the natural map
h st D(Sy) — D(S,/e) is a covering map of D(S,) onto its image, and so the
set U, N R(Sy), open in R(S,), can be further lifted to a T'(S,)-equivariant
open set U, in D(Sy), m(T, N (N{P))) = U, N R(S,).

From (2.9.3), given any point x in R(S,), there exists a neighborhood U, in
R(S) which can be lifted to an (S )-equivariant neighborhood U, in D(S,)
covering a I'(S,)-orbit % - T(S,) in N {P,). Since R(S,) is compact, it can be
covered by a finite number of these neighborhoods U,,i=1--,k and U,,
j=1 k. SetW=0, U ---UT, U0, U U, Then W= (W)
satisfies all the requirements and so this proves (2.9.4).

(2.10) In conclusion, it is worthwhile to point out that the above procedure
of compactifying the Riemann space R(S) is analogous to the toroidal
compactification of locally symmetric spaces due to D. Mumford and others
(see [3]). First of all, the Teichmiller space 7(S) plays the role of the
symmetric space K\ G. The subgroup I'(S; «) plays the role of an integral
parabolic subgroup in I'(S). It has a decomposition in (2.9.1) which is
analogous to the Levi-decomposition with N as its unipotent radical and
T'(S/a) as its semi-simple component. The quotient space 7(S)/N has a torus
structure given by the formula 7(S)/N = (C*)’ X C3$73~/, Using this, we can
follow the procedure of torodial compactification to arrive at the deformation
space D(S/a) (see [2, p. 29] and [3)).

3. Simplicial G-spaces associated to G-functors

(3.1) Let X be a simplicial complex, and let G be a group operating on X
simplicially. For every simplex o in X, we denote by G, the isotropy subgroup
in G which keeps o invariant, G, = {g € G|o - g = ¢}. By taking the first
derived subdivision, we may assume that the correspondence o —> G, satisfies
the following properties:

(3.1.1) Functorial. If o is a face of ¢’, then G,. is a subgroup of G,
oaCo =G, <G, ’

(3.1.2) Equivariant. For an element g in G, there is a canonical isomorphism
of G, onto G,, defined by conjugation, G, = G,.,, x> g~ 'xg. In other
words, if we consider the category Sim . X whose objects are simplices o in X
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and whose morphisms Mor(e,, 0,) are elements g € G such that o, - g 2 0,,
then there is a functor

G: Sim; X - %4

into the category of groups which takes an object o to G, = Mor(o,0) and a
morphism o, - g D o, to the composite homomorphism
conj inc

— [aY
01 G"l -4 G"z'

Now suppose we have a functor
E: Sim; X — Top, oo E,

from Sim X into the category of topological spaces (with the homotopy type
of a CW-complex). Then we associate to E a simplicial space E,,
E,= [l E, E(3,)=11E(628,0): E, > E,_,,
k-simplices

oC X

and a topological space [E|,
[El= 11 lo|xE./~,

simplices
eC X
obtained by taking the disjoint union II|o| X E, and glueing the components
jo| X E, together according to the relation (3;x, y) ~ (x, E(3;)y). The space [E|
will be referred to as the geometric realization of the functor E. There is a
natural G-action on this space given by the formula

(x,y)-g=(x-5 E(g)(¥)), (x,y)€lo|XE,,
where E(g): E, » E,. is the map corresponding to g € Mor(o, 0 - g).

Here are some examples.

Example (3.1.3). The simplest example is the situation when E, is a point
for all . For this trivial functor, the geometric realization is isomorphic as a
G-space to the original simplicial complex X. Given any other functor E:
Sim; X — Top, there is a natural transformation of E to this trivial functor
which induces a simplicial, equivariant map =: [E| = X.

Example (3.1.4). The other extreme is the situation for which E, is' a
universal G,-space. By that we mean E, is contractible, and the G, -action is
free. An example of such a functor is obtained by considering a universal
G-space E.. Restricting to the subgroup G,, we have a universal G, -space.
Take E: Sim ; X — Top to be the functor which sends each ¢ to E; and sends
(0, - g 2 0,) to the action of g, g: E; — E. In this case, [E[ = X X E, where
the G-action is the diagonal action.
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Example (3.1.5). Recall in (2.7) we gave the definition of a partition of a
nonsingular Riemann surface .S. Now, such a partition consists of a system of
(disjoint) Jordan curves @ = {v, } such that no single curve y, bounds a disk
nor any two curves v,, yx bound a cylinder. As in (2.5), we call such a system
of curves an admissible system of curves. Two such systems a = {y, }, &’ = {v,}
are said to be equivalent if there exists a homeomorphism f: S — § which is
isotopic to the identity and brings a to o’. The collection of all the equivalence
classes of admissible systems of curves forms a partially ordered set under
inclusion. Define the Tit’s building F (S) of S to be this partially ordered set,
and use the notation |7 (§)] to denote the associated simplicial complex.

In practice, it will be convenient to consider the empty set also as an.
admissible system of curves. This will enlarge  (§) by including a minimal
element, and we will denote the resulting partially ordered set by Z (S)* and
the corresponding simplicial complex by | F(S)™].

Geometrically, a vertex in |F(S)*| is an element in J(S)™, and so it is
represented by a system a of admissible curves. A k-simplex consists of a
filtration of & + 1 such systems o6 = {a, C --- C a,}, and the boundary
operation 9,6, 0 < i < k, is defined by deleting the ith-system a,, 3,6 = {a, C

T C s Cag )

The mapping class group I'(S) operates on 7 (S)™ in a natural manner. The
correspondence o — I, of a simplex 0 = (ay C a; C -+ C a,) with its isot-
ropy subgroup I, clearly satisfies (3.1.1) and (3.1.2), and so defines a functor
I: Simp|.T(S)*| — 4.

(3.2) More generally, we will be interested in functors E: Sim; X — Top
such that E is a universal space for some guotient of G,. For this we consider
functors

G: Sim; X - 94

together with a natural transformation 5: G — G which is a surjection for each
o, n,: G > G,. We call such a pair (G, m) a reduced group functor for G. A
universal (G, n)~functor is a functor

E: Sim; X — Top

such that for all o, the action of G, on E, factors through G, (via n,) and E_ is
a universal space for G,, that is, E, is contractible and the action of G, is free.
(In most cases, G, will be a natural quotient of G, and », will be the natural
projection map. When this is clear, we omit 5 from the notation.)

Example (3.2.1). We define a reduced group functor (L, ) for the functor
T of Example (3.1.5). Given a simplex 0 = (a; € a; € -+ C @), we have a
stable surface S/a, and a filtration of nodes a,/a, and curves a,/a;, — ay/a,
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upon this surface, denoted by o /«. Let I'(o) = I'(S/aqy, 6/a,) be the map-
ping class group of homeomorphisms of S/« preserving this filtration ¢/«a,.

For 6’ =9,6 =(a,C -+ C&,C -+ Cay), 1 €i<k, there is a natural
inclusion I'(3,): T'(S/«, o/a,) —> I'(S/ay, 6’ /a,) of the corresponding map-
ping class groups. For ¢’ = 9,(0) = (a; € -+ C a,), there is a deformation

S/ag —> S/a; obtained by collapsing the curves «;/ay — ay/a, to node
points. Since this preserves the filtrations o/a, and o’/a;, any element in
I'(S/agy, 6/ay) gives rise to a corresponding element in I'(S/a;, 6’ /a,) and so
a map

(3.2.2) T'(8,): T(S/ay, 0/ay) = T(S/ay, 0’ /ay).

These satisfy the simplicial identities and hence their composition gives rise to
well-defined homomorphisms I'(3) for any inclusion of simplicies 6, 2 0,. In
addition, for a group element g € I'(S), the homeomorphism g: S/a, =
S/a, - g induces a homomorphism I'(g): T'(S/ay,0/ay) > T(S/ay-g,0-
g/a, - g) which commutes with the boundary maps. Thus we have a functor I
Simp|.7(S)"| > 94 defined by o — I'(S/ay, 0/ay), (6, - g 2 6,)
L(®)<I'(g).

Following a similar procedure we define a natural transformation from I to
I'. For any simplex o = (¢gCa; C -+ Cay),weleto"'=(F Ca,C -+ C
‘a,) be the simplex in [Z(S)*| obtained by adding the empty set as the first
system of curves. Since I, is the same as T'(S/@,0%/2) and 6 = 8,07, the
homomorphism I'(3,) of (3.2.2) gives us a map

Ne = Io‘(ao)Z | P F(S/a07 0/0‘0)-

This defines a natural transformation : T — T and completes our example.

Proposition (3.2.3). Let (G, 9) and (G, 1) be reduced group functors for G,
and let E, E' be universal (G, n), (G', 7' functors respectively. If ¢: G->Gisa
natural transformation such that @om =1, then 1 an equivariant map of
G-spaces

H,: |[E|-|E|.

Moreover, if ®: E — E' is any natural transformation, and |®|: [E| — [E| is the
induced map of G-spaces, then there is an equivariant homotopy H, ~ {®|
between H , and |®|.

Remark (3.2.4). As will be seen in the proof, the map H, is “almost”
simplicial in the sense that E can be replaced by a functor E, such that |E | is
naturally homeomorphic to [E| and H: [E| — JE'| is the geometric realization
of a natural transformation E; — E’. Moreover, the homeomorphism [E ;| =
|[E|, though not itself simplicial, is homotopic to a simplicial map.
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Proof of (3.2.3). Let X! denote the first derived subdivision of X. For a
simplex o in X, let D(o) denote the dual complex of o, namely the subcomplex
of X! consisting of simplicies (6, C 6, C -+ - C 0,) witho C o,,

D(o) = { (pCco,C--- Cok)EX1|ogoo}.

If 0 - g 3 o’, then the action of g gives a map D(o) 5 D(o - g) € D(0’), so
these define a functor D: Sim; X — Top. The associated G-space D| is
homeomorphic to the original space X (cf. [7, Proposition 1.4]).

We can carry out this “dual triangulation” for a functor E: Sim; X — Top.
Let 7: [E| = X be the natural projection defined in (3.1.3). Define the functor
E,: Sim; X — Top by sending an object o to 7~ !|D(0)| and a morphism
(6-g20)to

7= (ID(0)[) S 7= (|D(o - g)]) € =~ (ID(o"))).

Then there exists an equivariant homeomorphism

(3.2.5) d: |Ey| S |E|

which covers the homeomorphism [D| = X mentioned above.

To prove (3.2.3), we construct a natural transformation E;, — E'. First, for
every simplex ¢ in X, there exists a G -equivariant homotopy equivalence h :
E_ — E!. This follows from equivariant obstruction theory since E, is contract-
ible and the G -actions on both spaces factor through (oio which acts freely on
E, (see [6]). Secondly, for o’ C o, we consider the space Map; (E,, E,.) of
G ~equivariant mappings from E, to E.. These mapping spaces have the
following properties:

(3.2:6) 1f 0, C 0, C 0, C 05, then the induced maps E; — E;, E, = E_,
give rise to

Mapg, (E,,, E;,) — Mapg, (E,,, E; ).

(3.2.7) The space Map; (E,, E,.) is contractible.

This last property follows once again from the equivariant obstruction
theory mentioned above.

To construct the required natural transformation, we proceed by defining a
map

1 A o Mapcak( E,, E;O)

for eachy = (6, C - -+ C 0,)in X! such that (3.2.8) and (3.2.9) hold.



200 RUTH CHARNEY & RONNIE LEE

(328 1fd = (g, C -+ C %)<, then

8 —2 s Map, (E,. )

1 incl.

5
A"———————-»MapG (E E, )

commutes, where the right vertical map is given in (3.2.6).
B2 Ify-g=(0,-gC --- Co,-g) then the following diagram com-
mutes:

f
A —————— Mapg, (E,,. E;,)

| | <
f'rg ,

Af g —s Maquk.g(Eak'g’ E; . g)

This is achieved by induction on dimy. In dimension 0, we choose one vertex
o, for each G-orbit and define f, = h,. Then we extend this to all other
vertices o, -+ g in the same orbit by means of the equivariant condition in
(3.2.9). Assume we have defined f; for all & of dimension less than k. We
choose among each G-orbit a representative y = (6, C --- C o,). Then by
(3.2.8), the maps f;, § C v, fit together to get a map

faa: aA* —>MapG (E E’)

Since the space Mapg_ (Euk, E; ) is contractible, this extends to a map £, on all
of A*. By the definition of Iy |8A" this is compatible with the previously defined
f5- For every other k-simplex y - g in the same orbit, we define f, ., by means of

the diagram (3.2.9).
We now define
h,: (Ep),= 11 AXE,/~-E
v=(0" " o)
¢Cay
by taking the composition
S E'(d
A X E, > E, A

o

From (3.2.8) and (3.2.9), it is not difficult to show that these maps commute
with the boundary operations and also preserve the G-actions. Thus they
define a natural transformation h: E,, — E’. On the level of simplicial spaces,



MODULI SPACE OF STABLE CURVES 201

this gives rise to a map

at
Hy: [E| = |[E,| - [E,
which is equivariant with respect to the G-action.

To prove the second statement of the theorem, we make the following
observation. The homeomorphism d: [E ;| = [E| is not simplicial, that is, it does
not arise as a natural transformation from E,, to E. On the other hand, there is
a natural transformation r: E, — E such that |r| is homotopic to d. To see this,
we note that the deformation retraction of |D(o)| onto the barycenter b, of o
(b, corresponds to the vertex (6) in D(o)) is covered by a deformation
retraction 7, of (E,,), = #7!(|D(0)|) onto E, = 7~ 1(d,),

i (Bp)e= LI |MXE,——E

G )

It is not difficult to check that these form a natural transformationr: E, — E
whose geometric realization [r|: [E ;| — [E|is homotopic to d.

Suppose now that ¢: E — E’ is a natural transformation. Then ¢ induces a
natural transformation ¢,: E, — E’; in the obvious way such that the diagram

[ ,
ED ED

rlqb}f

E—F

commutes. Since H, = fh|° d™!, it suffices to show that h and r’e ¢, induce
homotopic maps. The proof of this consists of constructing a natural transfor-
mation p: E, X I — E’ which restricts tohand ro®,at E;, X 0and E;, X 1
respectively. The construction is done inductively and the arguments are
essentially the same as those used above in defining h. We leave the details to
the reader.

(3.3) In practice, there is a technical difficulty in applying the theory in (3.2).
It arises when the group G, operates on E, “almost” freely.

Suppose I' © G is a subgroup. Then the action of G on X restricts to an
action of I' on X and Sim; X < Sim X. Let (G, 1) be a reduced group functor
for G. Set

I, = image(I‘ NG, < GUI; Goa).
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If o, - g0, is a morpmsm in Simp X, then the corresponding morphism
G - G, , takes I, ,into I‘ , hence we obtain a functor

I': Sim. X - G4.

Moreover, the natural transformation n: G — G restricts to a natural transfor-
mation

7:T—>T, 2:T,=TngG-T,
so (I, 97) is a reduced group functor for I'. Note that if T is a normal subgroup

of g, then the definition of I' makes sense on all of Sim ; X so we can (by abuse
of notation) consider I to be a functor
I': Simg X — %4

Now suppose E: Sim; X — Top is a universal (G, n)-functor. Then clearly it
is also a universal (I', 7)-functor. The converse, however, is not true. We say
that E is an almost universal (é, n)-functor if there exists a normal subgroup
T’ € G of finite index such that E is a universal (f‘, n")-functor.

Proposition (3.3.1). If E: Sim; X — Top is an almost universal (G, 1)
functor such that each E_is a CW-complex, then 3 a universal (é, n)-functor E*®
and a natural transformation ;. E*® — E such that the induced map on quotient
spaces

|ul/G: [E*™|/G - |E|/G
is a rational homology equivalence.

Proof. Let T' C G be a normal subgroup of finite index such that E is a
universal (T, n7)-functor. Then we have a “quotient group” functor

G/F:Sim; X > %4, o G, /T,.
Composing this with the universal space functor ¥4 — Top which takes a
group G to a universal G-space, we obtain a functor
Y: Sim, X — Top
which takes o to a univesal G, /T -space Y,. The product of this with E,
E X Y: Sim; X — Top, o~ E XY,

is easily seen to be a universal ((°2, 1)-functor. We set E' = E X Y. Next,
consider the natural transformation p: E* — E defined by projecting E, X Y,
onto the first factor E,. This gives rise to a map of orbit spaces it = |u|/G,

i [E*|/G —[E|/G,

whose fiber z~!(x) over a point x in the image of |o| X E, in [E|/G is
B~ '(x)=Y,/G,. This last space is, by construction, a classifying space
B(G,/T,) for the finite group G,/I,. In particular, the rational cohomology
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H*( ; Q) of every fiber is 0 for * > (. It now follows from the Vietoris
mapping theorem (see e.g. {19, Theorem 2.20)), that the restriction of i over
any compact subset A C [E|/G, fi: B~ 1(4) — A4, induces isomorphisms on
H*(; @) and hence also on H,( ; Q). But

H.([El/G; @) =T h‘,I?n H,(4;Q),
H.([E|x[Y|/G; @) = lim H,(F(4)),
A

where the limits are taken over all compact subsets 4 C |E|/G. This proves the
theorem.

4. Stratified polyhedra

(4.1) For the sake of completeness, we collect in this section some of the
well-known facts concerning the homology of stratified polyhedra.

Let X be a finite, simplicial complex of dimension n. A stratification on X is
a filtration of closed subcomplexes X = X, D X, _; D - -+ D X such that:

(4.1.1) The subspace X' = X, — X,_,, called the i-dimensional stratum, is
either empty or of dimension i.

(4.1.2) If the intersection X/ N X’ # @, then i < j and X’ N X' consists of
connected components of X',

In particular, X is the disjoint union of its strata, X = LI,_, X', and the
boundary (frontier) of each stratum X' is the union of the lower strata,
ox' =1, X

Note that if, in addition to (4.1.1), we require X’ to be an i-dimensional
manifold, then we arrive at the notion of stratified spaces as developed by J.
Mather, R. Thom and others (see [15], [21)).

Let Y be a subcomplex in X. Recall the definition of a regular neighborhood
N(Y) of Y in piecewise linear topology (see [11], [18]). First, form the second
derived subdivision X"’ of X. Then the regular neighborhood N(Y) is given by
the simplicial neighborhood N(Y”, X"') of Y” in X", i.e.,

N(Y)=N(Y”, X")
(413) U{A|A a closed simplex in X",

A intersects Y” in a nonempty face}
= U Star(z, X))}

veyY”

1The notation N(Y, X) stands for closed simplicial neighborhood, N(Y) for closed regular
neighborhood, N(Y) for open regular neighborhood, and N(Y, X) for open simplicial neighbor-
hood.
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Abstractly, this is the smallest simplicial subcomplex in X’ which contains Y"
as a topological neighborhood. Note that in the common usage of the term
regular neighborhood, it is not unique but depends on a triangulation of X. In
our setting, this triangulation is fixed and so there is only one choice for the
regular neighborhood.

For each i, let N(X,) denote the regular neighborhood of X;. The reason for
taking the second derived is that a simplex A, in the first derived neighborhood
N( X/, X’) (see [8]), can be written as a join A;* A,, of two simplexes
A, =ANX, A, outside of X/, A, # @. From the structure of the join
A, * A,, there exists a canonical deformation retract of N(A7, A") onto A’ (see
(101, {11D).

These deformations can be pieced together to get a deformation retract P;:
N(X,) > X, of the entire regular neighborhood N(X,) =U, N(X/ N A’, A")
onto X; = UX, N A. This is referred to as the deformation retract associated to
the regular neighborhood of N(X,).

Following the terminology of D. Stone (see, [20, p. 5]), a subspace ¥ in X is
said to be a subpolyspace of X if both its closure Y and its boundary
9Y = Y — Y are subpolyhedra in X. For instance, each stratum X’ = X, — X,_,
is a subpolyspace in X. Given such a subspace Y, consider the regular
neighborhood N(Y) of its closure, the deformation retract P: N(Y) — Y, and
the interior N(Y) of N(Y). If we form the inverse image P~(Y) in N(Y) of
the subspace Y in X, the result N(Y) = N(Y) N P~1(Y) is an open neighbor-
hood in X containing Y. This is referred to as the open regular neighborhood of
Y, denoted by N(Y). From another viewpoint, the open regular neighborhood
N(Y) can be defined as the smallest, subpolyspace in X"’ which is an open
topological neighborhood of Y. Or it can be written as the union of open stars
Star(r, X"),

N(Y)= |J Star(», X),
yev”

where » runs through all vertices in Y.



MODULI SPACE OF STABLE CURVES 205

Let N(X'’) denote the open regular neighborhood of X in X. From the
above definition, there is a deformation retract P;: N(X?) — X' of N(X") onto
X'. Throughout this paper, we consider only subspaces which are subpoly-
spaces with respect to a fixed triangulation on X. In the following, we drop the
term subpolyspace and refer to it simply as a subspace.

Suppose X is a stratified manifold in the sense that X; is a submanifold in X,
and suppose the triangulation is C*. Then, as is well known, the open regular
neighborhood N(X;) has a structure of a normal bundle (a vector bundle), and
the projection N(X;) — X, is homotopic to a locally trivial fibration (in the
sense of Steenrod) (see [18]).

More generally, without the manifold structure, we still refer to the deforma-
tion retract X; in N( X;) as the zero section of the open regular neighborhood.

(4.2) We index the connected components in the strata X’, 0 < i < n, by an
index set I. Then there is a partial order relation defined on the elements of I

(4.2.1) a < B if and only if X, € X,. Here X,, X, are the connected
components corresponding to « and B respectively.

Since N(X'’) has the same homotopy type as X’, it breaks down into a
disjoint union of connected components in one-to-one correspondence with
components in X'. Therefore, if we consider the connected components of
N(X",0 < i < n, we obtain an open covering N( X,) of X indexed by I.

Proposition (4.2.2). Let |I| be the simplicial complex associated to the
partially ordered set (1, <) defined in (4.2.1). Then the nerve of the open covering
{N(X)\a € I} is isomorphic to|I).

Proof. Two regular neighborhoods N(X,) and N(X,) have nonempty
intersection if and only if either X, is in the closure of X, (8 < ) or X, is in
the closure of X, (@ < B). Hence the intersection N, ., N(X,) of neighbor-
hoods over I’ C I is nonempty if and only if I’ can be linearly ordered. In
other words, I’ spans a simplex in |I]. This proves (4.2.2).

Proposition (4.2.3). Given a simplex 6 = (ag < a; < -+ < a,) in |I|, de-
fine N, M_ to be the following intersection:

k
N,= N(x,), M,=X, NN,
=1

Then N, is the open regular neighborhood of M, in X.

Proof. First, we reduce the proof to the case £ = 1. Let Y be a subspace in
X, N(Y) its open regular neighborhood and U an open subspace of X with
UnN Y+ @&. It follows from the definition that the intersection N(Y) N U is
the smallest, open, polyspace containing ¥ N U, and this is its regular neigh-
borhood. Suppose we have shown the case k = 1. Then the general case
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follows immediately by letting

k

U=NN(X,), NY)=nN(X,)nN(X,), Y=X, NNKX,)

i=2

The proof for the case kK = 1 can be reduced to the situation when X is a
simplex. Let A be a simplex in the second derived subdivision X of X, and let
A, = X, N A. Then the intersection N(X, )N A of the regular neighborhood
N(X,) with A is the same as the open simplicial neighborhood N(4,, A),

N(X,)NA=N(X, NA,A)=N(A,A).
Applying the same principle to N(X, N N(X, )), we have
N(X,, NN(X,))NA=N(A,N N(A)),A).
Since N}_, N( X,,), N(X,, N N(X,)) are unions of the above spaces as A runs
through all simplices, it is enough to verify the formula
N(Ay, A) N N(A;, A) = N(A, N N(A,)), A)
for the polyspaces A, A; in A,

Let A, be the closure of A, in A, A, € A,. We may assume that A; = &
because otherwise N(A;, A)= A; N N(A;) = & so there is nothing to prove.
For A, # @, the simplicial neighborhood N(A,, A) becomes the entire simplex
N(A,, A)= A, and so from the definition the open simplicial neighborhood
N(A,, A) is obtained from A by deleting faces which have nonempty intersec-
tion with A, — A. Hence N!_, N(A,, A) can be obtained by deleting faces in A
which intersect either Ay — A, or A, — A,. In the same manner, the open
neighborhood N(A,;) N A, can be obtained from A, by subtracting faces which
lie in (A, — Ay) N (A, — A,)). To obtain N(N(A;) N A,, A) we have to sub-
tract faces from A which intersect A, — N(A) N A,. It follows from the
description for N(A;) N A, that these faces are precisely those which intersect
(A, — Ay) N (A, — A)). Hence,

N(N(8) 1 Ag, &) = (1 N(A,, &),

and the proof of (4.2.3) is complete.

Proposition (4.2.4). Let P: N, - M, denote the deformation retract associ-
ated to the open regular neighborhood N, of M, in (4.2.3). Then there are
commutative diagrams:

(425) For 1<i<k o=(ayg<a; < -+ <ay), 3,0 =(ag< - & --
a):
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(4.2.6) Fori =0,0 = (g < *++ <), 000 =(a; < --+ <)

incl.
NNn---NN, ———N_ N ---NN
0 k 1

X
J( Pa PBOU
P,

ap

X, NN, - Ny —X, NN, --- N,
where the bottom horizontal map in (4.2.6) is obtained by the restriction P,:
Xoo NN, — X, 1o the subspace X, N N, - N, (see Figure (4.2.10)).

Proof (Sketch). Let Y be a subspace in X, N(Y') its open regular neighbor-
hood, and U an open subspace in X. Then, as in (4.2.3), the intersection
N(Y)N U is the open regular neighborhood of Y N U. In addition, if P:
N(Y) — Y is the deformation retract associated to N(Y'), then the restriction
of P to N(Y) N U is the deformation associated to ¥ N U. Diagram (4.2.5)
follows by letting ¥ = M, ,, N(Y) =N, ,, U=N,, UNnY =M, UN N()
= N,.

The above argument allows us to reduce the proof of (4.2.6) to the special
case k= 1. To verify this case, let A be a simplex in the first derived
subdivision X’ of X, and let A; = X; N A. Our problem can be reduced to
verifying that the diagram

N(Ay, &) A N(A,, &) 225 N(4,, &)
(42.7) 1 B, lPaoa

By
AyN N(A, A) ——— A

is commutative in the special case when X = A and X, = A,. Note that there is
a corresponding diagram

— — incl. —
N(B,, A) N N(B,, &) == N(B,, &)
(4.2.8) l Pa 113800
_ AP P, v_
A, N N(B,,A) —>— A,
obtained by replacing A, by its closure A, in A’. Maps in (4.2.7) are the
restriction of the corresponding mappings in (4.2.8). Hence it is enough to
prove (4.2.8) is commutative. From the definition, A; C A, and they are
subsimplices in A’. The commutativity of (4.2.8) follows from a straightforward

argument, and we will leave the details to the reader. This completes the proof
of (4.2.4).
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Remark (4.2.9). It is worthwhile to point out the following observation
related to (4.2.6).

First, X, is a subspace of )?aa. The regular neighborhood of X, is N, and its
intersection N, N X, gives the regular neighborhood of X, in X, . Deleting
the zero section X, from this regular neighborhood, we arrive at X, N N, and
the projection P: X, NN, — X,.

In the same manner, the space M, ,= X, N N,, --- N, in (42.6) is a
subspace in the closure X, AN, -~ N, The open regular neighborhood of
M, , in this closure is X, NN, N --- N N,, and after deleting the zero
section we arrive at M, =X, NN, N --- N N,, and the projection P, :
M, > M, ,in (4.2.6).

FIGURE (4.2.10). Open regular neighborhoods N, , N, of X, , X, and their intersections.

(4.3) The correspondence
(4.3.1) a—-> N, 9, — incl,

gives rise to a functor of the category Sim}J| of simplices in || to the category
Top of topological spaces, N: Sim|I| — Top. Since N, is open for every o,
U N, = X, it is well known that the geometric realization of this functor [N| has
the same homotopy type as X.

There is another functor M: Sim|I| — Top defined by the correspondence:

(4.3.2) 0> M, 3 —incl. for1 <i<k; 3, > P, fori=0.
From (4.2.4), there is a natural transformation
(4.33) P-N->M; o¢-(P:N,> M),

of these functors. It induces a mapping on the geometric realizations |P:
IN| = [M|. Since P,: N, - M_ is a homotopy equivalence for every o, the
geometric realizations [N| and [M| have the same homotopy type.
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Suppose we have two stratified polyhedra;
X=X,0X, D DX,

(4.3.4) Z=Z2,22Z, 1>+ DZ,,

and suppose we have a simplicial map g: X = Z which preserves the stratifi-
cations g(X,;) = Z,. Then, first of all, connected components X,, « € I, are
mapped to connected components Z_,, o' € I’. This induces an order preserv-
ing mapping of I into I’, and so a simplicial map h: |I| — |I’| of the simplicial
complex || to |I’|. Secondly, since the open regular neighborhood is completely
determined by the simplicial structure, there are induced mappings

8o* (Na’ Mu) - (Nl:(a)’ M;:(a))

between the corresponding spaces defined in the previous section. They give
rise to natural transformations between the corresponding functors g: N — N/,
g: M — M, and hence their geometric realizations|g|: [N| — [N}, |g|: M| — [M].
It is easy to see that there is a commutative diagram

i8l
IN|—— [N

(4.3.5) l~ l N

X—Z

where the vertical mappings are the homotopy equivalences mentioned before.

The above considerations can be applied to the situation when we have a
group G operating simplicially on the stratified polyhedron X and preserving
the strata

(4.3.6) GxX—-X, g(X)=X%, gegG.
It follows that there is an induced action of G on the simplicial complex | /|,
(4.3.7) G x|I| -1

and, for every simplex o, the isotropy subgroup G, operates on the spaces N,
and M_. As a result, the functors N, M are functors of Sim || to Top in the
sense of §3.

5. A K(=,1)-covering for R(S)
(5.1) As mentioned in §2, the augmented Riemann space R(S) has the
structure of a projective variety with the subspaces R(S), = < R(S/a) as
subvarieties, From the results of Hironaka (see [8]), this algebraic variety can
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be triangulated so that the subvarieties R(S), become subcomplexes. In this
way, the space R(S) has the structure of a stratified polyhedron with the
filtration

R(S)=R(8)o 2 R(S)1 > -+ 2 R(S)s5-3-

The connected components R(S/a) in the strata are indexed by the vertices
in the orbit space |7 (S)*|/T. For each such vertex {a} in |7 (S)"|/T, we
define U,,, to be the open regular neighborhood of R(S/a) in R(S) with
respect to the above triangulation. This forms an~open covering {U,,,} of
R(S), and from the results of §4, this covering has the following properties:

(5.1.1) The nerve of this covering {U,, } is isomorphic to |7(S)*|/T.

(53.1.2) For every simplex {0} = ({ag} < {1} < --- < {a,}) in
|7 (S)*|/T, let Uy = Nk, U, and Viey= R(S/ag) N Uyy- Then Uy, is
the open regular neighborhood of V,, in R(S).

(5.1.3) Let P, : U,y = V|, be the projection of the regular neighborhood
of U,, onto its base V(o} For {0} = ({ap} < {ay} < --- <{a ]}, {0} =
{apg} < --- <{a;}---{a}, 1<i<k, u(d)=incl. and v(3,) = incl., we
have a commutative diagram:

u(9;) ~
Utao) N Uy " N Uy = Uy N " Uiy = N Vg
1 P {0} JP 3;{0}

v(;) o~
R(S/ao) N Upyyy =+ N Upypy ———> R(S/ag) N o+ Uy *++ N Vg

(S-14) For {a} = ({ag) < {ag} < -+ <{e}), dpfo} = ({1} < {a;} <
- < {ag}), u(dy) = incl. and »(8,) = P, , we have:
u(8y)
Ve NV Yty = NV Uy = Uy N -+ N Vg
Po) Py (o3
()
R(S/ao) ﬂ U(al) A ﬂ U(ak}-_—'__)R(S/al) m M m U(ak}
(5.1.5) The correspondence {0} = V{,y, 8; = v(d,), defines a functor V
from the category Sim|.7(S)*|/T of simplices in |7 (S)*|/T to the category
of topological spaces. The geometric realization of this functor has the same
homotopy type as fQ(S ).
(5.2) We now lift the above functor V to an equivariant functor V defined
over the category Sim| 7 (S)™|.
First, when o consists of a single system of curves a, we consider the
deformation space D(S/«) and the projection map 4, D(S/a) — R(S) of
D(S/a) into R(S). Define ¥, to be the inverse image h;l(V(a}) in D(S/«a) of
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the subspace V{,, = R(S/a) in R(S). From (2.9.3), it is clear that the group
T'(S/a) operates discontinuously on ¥, with V{,, as its orbit space.

To define V, in general, we have to use the lifting procedure mentioned in
Lemma (2.9.4). By subdividing our triangulation on R(S), we may assume that
all the open regular neighborhoods U, are contained in the neighborhood W of
R(S/ay), mentioned in (2.9.4). Note that the group I'(S/a) contains elements
of finite order, and so the quotient map W — W in (2.9.4) is not a covering.
The singular points of these actions lead to singular points of W. Since these
are singular points of the projective variety R(S), we may assume that the
filtration of the singular orbits gives a filtration of subcomplexes in our
polyhedron. For an open regular neighborhood W, the spaces W and ¥ are
ramified coverings of W and V along branch sets which are subpolyspaces. In
this situation the regular neighborhood map P: W — V can be lifted to a
unique equivariant map P: W — ¥ of W onto V.

For a simplex 0 = (¢y C e, C ---- C @) in Sim|.Z(S)7], set o, to be the
subcomplex 0, = (¢; C @,;,; C -+ C a,) in 0. Since o0,,; = 9y0;, there is a
sequence of maps v(d,): V, = V, , 0 <i< k. Recall that each ¥, can be
obtained by the following procedure (see (4.2.9)); The space ¥,  is an open
subspace in R(S/«; ) and so lies in the closure R(S/a,) of R(S/a,). Let W,
be the regular neighborhood of ¥, in this space R(S/«,). Then W, is the
intersection of the open neighborhood U, = with R(S/a)), w, =10,
R(S/a;). The subspace V,, can be obtained from W, by deleting the boundary
elements in W, N IR(S /), ie.,

W,, N R(S/a;)

It

U,. NR(S/a,)
(5.2.1) =0,  n|[U, nR(S/a,)]

Oi+1

= U, NR(S/a)=V,.

Schematic picture of various subspaces
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As for the map v(d,), it coincides with the restriction of the regular neighbor-
i P

incl.

hood map, V, = W, =V, .

To define Vai, we proceed by downward induction on i. Suppose we have
defined V, ., as an open subset in h‘1 (R(S/a; 1)) = ~a,_ Since W, is an
open nelghborhood of R(S/a; ) contamed mnU, ,by29 4) it can be lifted
to a neighborhood W, of V L inh, ! (R(S/a ). Now V, is an open subspace
of W,, and so there is a correspondmg nelghborhood (V x W)
h! . ( V ) NW,,inW, _covering V, (see dlagram (5.2.2) below). This 1ast space
(V >< W) can also be obtained from W by taking its intersection with
h;iil(R(S/a )). Consider the natural prOJecnon hg+t: D(S/a;) = D(S/a;. )
of D(S/a;) to D(S/a,,,). Since h, ohi = ha, the image of ¥, =

l(R(S/oz )) under this map ho-tis the same as s, (R(S/a ). In partlcu-f
lar this image contains (V' X W) as an open subspace Define V to be the
inverse image (A1)~ l(V>< W) < V of the subspace (V X, W),, c W
This completes our inductive step, and so we can proceed by induction to get
the space V, = V

As mentioned before the regular neighborhood map P: W, — V,  can be
lifted to a map P W, > V . Combining this with the pl’O_]CCthIl hgi:
V - (Vy X W)a, and the 1nc1u51on mcl:(V X, W), . W we obtain a
map P oincle hg+tof V to V

1’

Note the dotted arrows do not necessarily commute with the rest of the
diagram.
We can now define the functor

V: Sim|7(S)7| - Top
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which takes a simplex ¢ in |Z(S)*| to ¥,. For a k-simplex o, we take the
boundary maps o D 8,0, 1 < i <k, to the inclusion V, ¢ Vaa and the map
6 D 9,0 to the composite P oinclo h3l, as in diagram (5.2.2). It is straightfor-
ward to check that these satisfy the necessary simplicial identities. For a group
element g € I'(S), there is a naturally induced map of deformation spaces
D(g): D(S/ay) = D(S/ay - g). Under this mapping, the subspace V, in
D(S/ay) is sent to the corresponding subspace ¥, . 1 D(S/a, - g). It is again
straightforward to verify that the diagram

~ D(g) .
Vo——— ¥,

4
5(6,-)1 15(6,-)
7, il

a

commutes for any 9;. It follows that the correspondence ¢ — V,, (6 - g D o)
— 5(3)° D(g) defines a functor V as above.

(5.3) Proposition (5.3.1). The spaces V, defmed in (5.2) are contractible.

Proof. Consider the sequence of spaces V and maps P cinclo hgirt: v, >
Va‘_+1 used in defining ¥,. From (2.8), the space V V can be 1dent1f1ed
with the intersection 1, < P ) of distinguished hyperplanes < P ) Y€ e, in
D(S/w,), and so it is contractible. To prove (5.3.1), it is enough to show that,
for every 7, the map v(d,): f/a,. - f/am is a homotopy equivalence.

For this, we corlsider the spaces V,, W,, V, , and their coverings
VXyW),, W,, V,  as in (522). Write a; = {vy,--",¥,,,}, and a;,; =
(Yo Y- ,yml“} Then, as in the previous paragraph, the subspace
h ,11(R(S / ;1)) is the intersection M7y < P > of distinguished hyperplanes
in D(S/a,,,). Since V, is an open subset mh, ! L (R(S/e;.1)), it has the
structure of a complex mamfold

For each curve Yp 1 <j < m, there is a complex codimension-one, sub-
vanety R(s /v;) in R(S ), and the intersection ﬂ R(S /7;) is the subvariety
R(S /a;). Hence, as before, the inverse image h ;. (R(S /a;)) is the intersection

Y <P > of the hyperplanes < > 1</< m From the definition, W is
the open regular neighborhood of v, ,, in this last space N7, < P > Since
these are complex manifolds, W has the structure of a complex normal
bundle, and the projection P: W - V ., is homotopic to a complex vector
bundle (see (4.1)).

Each of the curves v, m; <j < m;.q, gives a codimension-one, subvariety
R(S/oz0 U yj) R(S/ao) N R(S/yj) n R(S/ao) From the definition, V, is
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obtained by removing the intersection W, N R(S/ayU y;) from W, . Pulling
this back to D(S/«,_ ), this means that by subtracting the subspaces

ot (R(S/a,0 ) = 2 (R(S/a)) N kgt (R(S/v))
=[N () n(z,)

from W,, we get the subspace (V X 5, W)u,_. Let us describe this process locally
at a point x in

Mg

h;il(R(S/a,-ﬂ)) = 01 <P7j>'

Let T, be the tangent space of x in &> (R(S/a,)) = N7 <P > and let N, be
the subspace in T, normal to nm.+1 P ]> Then N, is a complex vector space of
dimension m,,, — m, — 1. Each of the submanifolds k! (R(S/a, U v,))
gives rise to a cod1mens1on-one tangent space N, ; in N If we remove
these submanifolds A ! (R(S /o, U y;)) from the normal bundle of
h, “(R(S/ a;.1)), the effect on each of the fibers N, amounts to subtracting
.,; from N_. The resulting space N, — UN, ; has the homotopy type of a torus

-Un,, =11*),~ T1 (5%,

M <jEm

where each circle factor (S* ), represents the normal circle to < P > Since V "
is an open submanifold in h ! (R(S/a, +1)), it inherits this structure on its
normal bundle. In particular, the map P cincl:(V X W) - V , 1s homo-
topic to a locally trivial fibration with fiber a torus as above

From (2.9), the projection Agi+1: D(S/a;) = D(S/a,,,) is a regular cover-
ing of D(S/a;) onto its image, and its group of, covering transformations is the
free abelian group generated by the Dehn twists along curves y;, m; < j < m,, 1.
It is not difficult to prove that the Dehn twist along v; represents precisely the
generator of the fundamental group of the above fiber circle (S') ;- In particu-
lar, the covering transformation group is the same as the fundamental group of
the torus.

The homotopy fiber of the composition 5(3,): ¥, — (V X, W), = Vl+1
can be obtained by first forming the homotopy fiber of P oincl, and then
forming the induced covering space over such a homotopy fiber. From the
discussion in the previous paragraph, this is the universal covering space of the
torus I'1 j(Sl) ,; and so is contractible. This proves v(d,) is a homotopy equiva-
lence, and the proof of (5.3.1) follows immediately from induction.
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(5.4) Proposition (54.1). Let (f‘, n) be as in example (3.2.1). Then the
functor

V: Sim |7 (S)"| - Top

is an almost universal (T, n)-functor, and the oribt space V|/T of its geometric
realization is the same as [V|.

Proof of (5.4.1). To prove the first statement of the proposition we must
show that the action of T', on ¥, factors through the natural transformation

n,: T, » T, = T(S/aq, 0/a,)

and that this action is “almost universal”. The action of T, on V, is the
restriction of the action of I', on D(S/a,). From the definition of this action,
it is clear that it factors through I'(S/ag, 6/a,). For “almost universal”, we
note that T' contains a torsion-free subgroup IV of finite index such that the
images f‘; = 7,(I" N I,) are also torsion-free (see [22]). For x € D(S/ay), the
isotropy subgroup of x in f‘a is a torsion group, hence f‘; must act freely on
V, 2 D(S/ a,). By Proposition (5.3.1), V, is contractible, hence it is a universal
{’-space. This proves that V is an almost universal (I, n)-functor.

For the last statement in (5.4.1), we have to prove that the group
T(S/a,, 6/a,) operates properly discontinuously on V, with Vioy as its orbit
space.

We proceed by induction as in (5.3.1). Let V, —» 17 - e > f/' be the

sequence of spaces V, defined in (5.3.2). In (2.9) we showed that the group

T'(S/a,) operates properly discontinuously on the subspace V in D(S/a,)

and ~1ts orbit is the same as the image of V, under the pr0Ject10n By
hak(Vok) = V["k}

Suppose we have shown that the group I'(S/e;,;, 0;,,/a;,,) operates
properly discontinuously on f’am with V,, _, asits orbit space. From §2, there
is a group extension

0-Z{a;y —a;} > F(S/ai’ o/a;) = T(S/a 1, ai+1/ai+1) -0,

where the kernel Z{«,,; — «;} is the free abelian subgroup in I'(S/«;, 0,/«;)
generated by the Dehn twists along curves in «;,; — a;. As in (5.3), this free
abelian group Z{«;,; — a,} operates properly discontinuously on f{,i, and its
orbit spaceis (V X W)ai.

The factor group I'(S/a;, 1, 6,,1/;,1) is a subgroup in I'(S /e, ), and so
it operates on (V X, W), properly discontinuously. From our inductive
hypothesis, this group I‘(S /0,1, O; +1/ a;,,) is precisely the subgroup n
T(S/a;.,) which keeps the subspace V , and its regular neighborhood W, in
D(S/a;, ) invariant. Hence the orbit space of W under this action is the
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same as its image W, in R(S). Since (V X WW)a,- is a subspace in Wa,.’ its
orbit space coincides with Viar in W, . Thus the group I'(S/a;, 0,/a;) operates
properly discontinuously on ¥, with orbit space ¥, ;. This completes our
induction, and so the proof of (5.4.1) is complete.

6. The category of stable curves

(6.1) Define the category of stable curves SC to be the category whose
objects are stable Riemann surfaces S’ and whose morphisms S’ — S§” are
isotopy classes of deformations f: §’ — S”. For every g > 2, there is a full
subcategory SC, consisting of all stable Riemann surfaces of genus g. In order
to have a deformation f: §* = §” between two stable Riemann surfaces, they
must have the same genus and so belong to the same subcategory SC,. Hence
the category SC can be decomposed into a disjoint union of subcategories,
SC =1,,,SC,.

The object of this section is to establish the following:

Theorem (6.1.1). Let S be a fixed nonsingular Riemann surface of genus g,
and let SC, be defined as above. Then there exists a rational homology equiva-
lence of ISC | to the augmented Riemann space R(S).

(6.2) Let S be fixed as in the statement of (6.1.1). By a marked Riemann
surface, we mean a triple (g, S/B, R) consisting of a stable surface R, a
vertex B in |Z°(S) 7|, and an isotropy class of homeomorphisms g;: S/8 — R
of S/B to R. The collection of all marked Riemann surfaces (g, S /B, R)
forms the objects of a category, denoted by SC A morphism @: (g, S/B, R)
= (9, S/B’, R’ in this category is a dJagram of deformations, commutative
up to isotopy,

P8
S/B——R
(6.2.1) l 74 J f
Pg’
S/ ——— R’
where 8’ O B, and pﬁ is the natural collapsing map. This is called the category
SC of marked Riemann surfaces of genus g.
There is an action of the mapping class group I' on the category SC Given
an element in T', it can be represented by an isotopy class of homeomorpmsms

@: S — §. Given any marked Riemann surface (¢, S/8, R), this element [¢]
in T sends (@g, S/B. R) to the marked Riemann surface (g ° ¢ L S/9(B), R),

s/e(B)5 s/8 3SR
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Similarly, [¢] sends a morphism ® of the form in (6.2.1) to morphism @ - [¢]
given by the square:

—1 "

S/9(B)——> S/B R
(6.2.2) J o) J f
B

P Pp
S/9(B") S/B R’

This gives us an induced action of I' on the classifying space |§C;|. With
respect to this action, we have _

Proposition (6.2.3).  The orbit space |SC,|/T is isomorphic to |SC,|.

Proof of (6.2.3). Let SC,/T denote the (quotient) category whose objects
are I'-orbits of objects in §é and whose morphisms are I'-orbits of mor-
phisms. (It is an easy exercise to show that composmon of such morphisms is
well defined.) There is a natural isomorphisms [SC |/T = |SC /T

Let F: SC — SC, be the forgetful functor F(gg, S/B, R) = R defined by
forgetting the markmgs on a surface R. Clearly it takes a single value on each
T-orbit, and so gives rise to a functor F/T": §ég/1‘ — SC,. We claim the last
functor F/T is an isomorphism.

First, given any stable surface R, it is isomorphic to S /8 for some 8. Hence
F/T is a surjection on objects. For any two markings (g3, S/B, R),
(9g» S/B’, R) on the same stable Rlemann surface R, we have a composite

homeomorphism @, oth S/B —>R % S/B’ of S/B onto S/B’. Any such

homeomorphism can be lifted to a homeomorphism ¢: § — § such that
¢(B) = B’, and the diagram

@
S ——S

jmodﬂ 1mod,3’
95l o9

S/B ——— S/B’

commutes. Hence the two markings (g, S/B, R), (¢4, S/B’, R) lie on the
same I'-orbit, and so F/T is an injection on objects.

Suppose we are given a morphism f: R — R’ in SC,. Let (g3, S/B, R) be a
marking of R. Then R’ can be obtained from R by collapsing curves f~*(nodes)
—nodes. Let 8" = (feoqg)”~ 1(nodes) Then 8’ 2 B, and there is a composite

homeomorphism @z: S/B’ = R/f (nodes) — nodes —> R’ such that the dia-
gram
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S/B—t R

[
Pp

S/p —— R’

commutes. This proves that F/T is surjective on morphisms.
Suppose we are given two morphisms @, ®” in SC, which map onto the same
morphism f: R = R"in SC,;

7 Py

S/B— R S/y ——R

o= lp,é*' jf (D’Ejpl' lf
P @y

S/B'— R’ S/y ——— R’

From the discussion in the previous paragraph, there exists a homeomorphism
¢: § — § of S which brings B to vy and covers the homeomorphism (py‘l ° @g. It
follows that ¢ brings B’ to ¥/, and sends the commutative diagram & to @’.
This proves the functor F/T is injective on morphism, and so completes the
proof of (6.2.3). — —

(6.3) There is another forgetful functor F,: SC, = I (S )" of the category SC,
to the partially ordered set .7 (S)™, defined by assigning to a marked Riemann
surface (g, S/B, R) the system of curves B (forgetting the surface R), and
assigning to a morphism ®: (¢,, S/B, R) = (¢, S/B’, R) the inclusion rela-
tion 8 ¢ B’. This functor induces a I'-equivariant map

(6.3.1) |Fy|: [SCe| =|7(5)"|
on the classifying spaces. Fga simplex 6 = (B, C -++ C B,)in |T(S)*|, we

consider the fiber category SC, whose objects are

@,
(6.3.2) ((pBO’ S/By, Ro) - (‘PBI’ S/B1, Rl) - (‘Pﬁ,‘, S/ B> Rk)

and whose morphisms are commutative diagrams:

@, ’ '
) (‘PBO, S/ By Ro) _’(‘Pﬁl, S/ By, R1) > (‘Ppka S/ Bk, Rk)
(6.3.3) 1 ¥, ¥ 1 ¥,

LY
(q),lli()’ S/BO5 R ) - ((p[;l S/BD RI) > e (‘P;I;,‘, S/Bk} R, )

It is easy to see from the definition that the classifying space |SC | of this
category is homotoplc to the inverse image (F,) '(o) in |SC | of the simplex o
in |Z°(S)*). In fact, |SC | is precisely the inverse image of the barycenter b, of
o. It follows that the functor SCF Sim |7 (S)*| = Top defined by o — |SC l,
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d; = lomit_ith term| has geometric realization homeomorphic to that of the
category SC |SCF | = |SC l

The 1sotropy subgroup T, of o operates on SC but this action is not
effective because the Dehn twists along curves in 8, have no effect. Instead, it
gives rise to an action of I'(S/B,, ¢/a,) on the category §éa and so an
induced action on the classifying space |§éa|.

Proposition (6.3.4). For every 6 = (B, C --+ C B,) in |T(S)™|, the space
|§Ea| is a universal I'(S/ay, 6 /ay)-space.

Proof of (6.3.4). Suppose we are given two objects

Do

(‘Pﬂo, S/By> Ro) - (q)Bl’ S/ By R1) = 7 (‘pﬂk’ S/Bs Rk)’
@

(Ps, S/Bos RG) = (@g,, S/B1> R) = -+ = (@, S/By> RY)

in §6,,- Recall that a morphism ¥;: (@g,S/B;, R;) = (g5, S/B:» R}) con-
necting the two objects (g, S/B;, R)), (93, S/B;, R}) in SC, is a commuta-
tive diagram:

P,
S/:Bi ——> R,

J id J f
%,

S/B, —— R,

Such a morphism always exists and is unique because there is only one choice
for f;, f; = @p. ° g, 1. This shows that the vertical maps in (6.3.3) always exist
and are unique. To verify the commutative relation ¥, ;0 ®, = ®/o ¥, we
consider the cubic diagram of maps:

pﬁ’i"‘l

S/8; - SBis1
¥g; PBiv1
g.
R; l Ry
id
id
f;
B; ! fl'+ 1 Qi
pﬁ:+ 1 o« ——%
S/8;

S/Bi+1 y ¥, l\PH 1
q)z+1

\ ; Wl l«
Ps; & i
R; Risy T
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where the maps g;, g/ are given by the definition of ®;, ®;. Note that all the
squares except the front face are commutative by definition, and g, @5, @3,
@, , are isomorphisms. It follows that the front face is commutative, the entire
cube is commutative, and ¥, ;o ®, = @, ;> ¥, ;. This proves that between
any two objects in SC there exists a unique isomorphism and so |SC,,| is
contractible.

The group I'(S/ay, 0/a,) operates freely on objects in §60 because it
operates freely on the set of marked Riemann surfaces (gg, S/B, R). Since
morphisms are uniquely determined by objects, it also operates freely on
morphisms. This completes the proof of (6.3.4).

(6.4) Proof of Theorem (6.1.1). The proof is an immediate consequence of
(6.3.4). For, in the previous section, we proved that the augmented Riemann
space has the same homotopy type as [V| which, in turn, is isomorphic to the
orbit space [V|/T. For each o, |,| is contractible, the action of I'(S/a,, 0 /a,)
is properly discontinuous but not free. Since I" contains a torsion free subgroup
of finite index, this fits into the framework of almost universal. As a result,
R(S) has the rational homology of the orbit space |E|/T" of a universal
[-functor o = E_. On the other hand, from (6.3.4), the functor SCF 10— ISC,|
is precisely one of these functors, its geometric realization is pre01sely |SC |,
and the orbit space of |SCg[ is the same as [SC,|, |SCg| /T = ISC,|. The proof of
(6.1.1) follows.

7. Satake compactification
(7.1) Let &, denote the Siegel upper half-space of degree g,
s,={zeMm(C)|z=2,mZ> 0},
and SP,(Z) the integral symplectic group
0 | 0 1]
SP,(Z) = { Me Gng(Z)IM-[ s 0] M= [—1 0 }
Then the group SP,(Z) operates on the space &, by the formula
-1 _ |4 B
Z-M=(2C+D) ' (z4+B), M= [C D].
The orbit space of &, under this action is called. the Siegel modular space
& ,/SP(Z). Class1ca]ly there is an embedding of the Riemann space R(S)
onto the Siegel modular space
(7.1.1) J:R(S)—~ @g/SPg(Z)
known as the period mapping. This is defined as follows. Let (¢, S, $’) be an
element in the Teichmiller space 7(S). Fix a symplectic basis a;, f; in
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HYS; Z), ie, {a,Ua;[S]) ={(BUB;[S]) =0, {(aUB;[S]) =38,
The homotopy equivalence ¢ induces a corresponding symplectic basis a; =
dx(@,), B] = ¢4(B;) in H(S’; Z). Choose g linearly independent holomorphic
1-forms w,,- -+, 0, in H 01(S’; C). We consider the period matrix

(o) 1)

whose entries are defined by period integrals. It is a classical result of Riemann
that this matrix represents an element in € ,. The m~atrix is independent of the
choice of w;,---,w,, and so gives rise to a map J: 7(S) > &,. There is a
natural homomorphism of the mapping class group I' onto the symplectic
group SP,(Z) defined by sending a homeomorphism ¢: S — S to the induced
homomorphism ¢,: H,(S; Z) — H,(S; Z) preserving the intersection pairing
A,

T(S)— Aut(H(S;Z);A) = SP,(Z), &~ ¢a

It is not difficult to show that the above mapping J: T(S) — &, is equivariant
with respect to the action of I'(S) on T(S), the action of SP,(Z) on &, and
the above homomorphism of I'(S) onto SP,(Z). The map induced by J on the
orbit spaces is the period mapping

J:R(S) - &,/SP,(Z).

Let &% be the Satake compactification of ©,, and let &%/SP,(Z) be the
orbit space of @} under the action of SP,(Z) (see [7]). Then it is a result of
Namikawa (see [17]) that the above map J can be extended to a morphism
(7.1.2) J:R(S) - &%/SP,(Z)
of the corresponding compactifications. There is an explicit description of this
extended period mapping. Given a Riemann surface S’ with nodes, we
normalize the surface by replacing each node point by two nonsingular points
and replacing each neighborhood Z;Z, = 0 of a node point by two disjoint
affine neighborhoods. The result is a nonsingular surface N(S’), called the
normalization of S’, and the period matrix J(N(S")) is well defined on the
normalization N(S’). The period map is extended to R(S) by assigning to S’
the period matrix J(N(S")) of its normalization, i.e., J(S") = J(N(S")).

In [7], it was proven that the cohomology H'(€%/ SP,(Z); Q) in degree
lower than g is isomorphic to the subspace of corresponding degree in the
polynomial algebra Q[x,, Xg,* -, X4542,° " 1 ® Qlye, Y10, Vaju2o7 " b
where deg x,;,, = deg y;;., = 4j + 2. The extended period mapping J in-
duces a map on the rational cohomology

(7.1.3) J*: H*(&*/SP,(Z); @) » H*(R(S); Q)
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and so gives us cohomology classes J*(x,;.,) and J*(y,;.,) in H*(R(S); Q).

The object of the rest of this paper is devoted to the proof of the main
theorem:

Theorem (7.14). Let y,;., be the stable cohomology class in
H4j+2(@’;/SPg(Z); Q), 4; <g- 3, defined as above. Then under the induced
map J* it becomes zero in H*(R(S); Q), i.e., J*(y4;.,) = 0.

(7.2) Let us recall the method of computing the stable cohomology of the
Satake space

H*( lim ©3/SB,(2); @) = Q[x4;,5] ® QL sy

in the paper [7]. There are two categories W and Esp obtained from algebraic
K-theory. The first, W, referred to as Giffen’s category, is obtained by
considering objects which are pairs (P, A): P a finitely generated free abelian
group, A a nonsingular, skew-symmetric, bilinear pairing A: P X P —» Z. A
morphism (P, A) — (P’, X) is also a pair (L, ¢) consisting of a direct sum-
mand L in P, LC L*, and an isometry ¢: (L*/L,A;)— (P’, \'). The
category W is filtered by full subcategories W, which consist of objects (P, A)
whose rank is less than or equal to 2g, rank P < 2g,

(72.1) W,cW,C--- cW,C--.

The classifying space [W,| of the subcategory W, has the same rational
cohomology as the Satake space, H*([W,|; Q) = H*(&} /SP,(Z); Q) (see [7]).
Therefore the problem of computing the rational cohomology of &% /SP,(Z) is
reduced to one for the category W,..

For this, the second category Esp was introduced. The objects in Esp are
again pairs (P, A) except A is no longer required to be nonsingular. Let P+ be
the null space in P, P*= {x € P| A(x, y) =0 Vy € P}. Then there is an
exact sequence 0 - P+ — P —» P/P+ — (. The requirement is that P/P~ is
free abelian and the induced pairing A: P/P* X P/P* — Z is nonsingular. A
morphism (P, A) = (P’, X) is an injection f: P — P’, preserving the pairing
and f(P')=f(P)* in P’. In terms of group extensions, a morphism con-
necting 0 > P> P—>P/P*—>0 and 0 > P'*> P > P /P'+>0 is
equivalent to a 3-by-3 commutative diagram:

0> P >P—>P/Pt>0
o7
1
(7.2.2) Q- pt —)P—)f(P)/P’l—>O

Y

0_)PIJ__)PI_)PI/PIJ__)O
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Note that f(P+)/P’* is an isotropic subspace in P’'/P’*, its perpendicular
subspace is f(P)/P’+, and the quotient of these two spaces is isomorphic to
p/pP+,
rL

(7.2.3) o LBV H(P) _pps

f(PH)/Pt f(PY)
In particular, the right vertical arrows represent a morphism in W. The above
discussion allows us to define a functor
(7.2.4) 0:Esp > W
of the extension category Esp to W by sending (P, A) to the nonsingular,
skew-symmetric pairing (P/P*, A) and sending a morphism f: P > P’ to the
morphism ( f(P*)/P’*, ¢)in W.

It was shown in [7] that the functor in (7.2.4) gives rise to a fibration of
classifying spaces |0,}: |S~'Esp| — [W|, where S~ !Esp is the stabilization of Esp
with respect to a monoid S (see [7]). The rational cohomology of |S~'Esp| can
be computed, and is the same as the rational cohomology of the infinite
symplectic group,

(7.25) H*(|S7'Esp|; @) = H*(BSP(Z); Q) = Q[X,;,,1j = 0, -, 00].

The rational cohomology of the homotopy fiber, fib(|8,]) is the same as that
of the general linear group H*(BGL; Q) = A[y,;,,//j = 1,- - -, cc]. The compu-
tation of H*(|W|; Q) follows from an argument in Hopf-algebras, with the
classes X4, V4. arising from Xx,;.,, ¥4, respectively. Since || factors
through its stabilization |, it is a consequence of this approach that the
induced map |8*: H*(W|; Q) - H*(|[Esp|; Q) takes the generators y,; ., to
Zero.

(7.3) Given a Riemann surface S’ with nodes, consider the pairing
A:HY(S; Z) x HY(S'; Z) - Z,

Ax, y) =((x Uy [87]))
defined by the evaluation of the cup product x U y against the fundamental
class [ S’]. This pairing is nonsingular if the surface S’ is nonsingular.

Proposition (7.3.2). There exists a covariant functor H: SC — Esp of the
category SC of stable curves to the extension category Esp which sends a Riemann
surface S’ with nodes to the skew-symmetric pairing (H(S’; Z), \) defined in
(7.3.1).

Proof. Given a Riemann surface S” with nodes, we consider its normaliza-
tion N(S”) as in (7.1). Note that S” can be recovered from its normalization
N(S’) by identifying pairs of points in N(S”) to the node points. Hence there is
a natural surjection @: N(S’) = S” of N(S’) onto S”.

(7.3.1)
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(7.3.3) 0 — Kerg’ > H'(S'; Z) > HY(N(S); Z) - O.

It is easy to see that ¢ induces an injection ¢ ,: H(N(S"); Z) » H,(S’; Z) on
first homology groups and that this injection splits. Hence it induces a
surjection on first cohomology, and so the right-hand side of (7.3.3) is exact.

Next we observe that the pairing A: HY(N(S"); Z) X HY(N(S'); Z) > Z is
nonsingular. Since ¢’ preserves the pairings on H'(S’; Z) and H'(N(S"); Z),
the subspace Ker ¢’ represents the null space in HY(S’; Z), ie. Ker¢’ =
{HY(S’; Z)}*. It follows that the pair (H'(S’; Z), \) represents an object in
the category Esp.

Suppose we are given a deformation f: S’ — S” of S’ onto S”. Then there
exists a system of admissible curves a = f~(nodes)-nodes such that f factors
through a homeomorphism f”: S’ /a — S” of §'/a onto S”:

S’ f S”

S'/a

The above system of admissible curves a in S’ can be lifted to an admissible
system of curves 8 = ¢ (a) in the normalization N(S’) by means of the
normalization map ¢: N(S”) — §’. If we collapse the curves 8 to points, the
result is a surface N(S’)/B with nodes and the normalization of this surface
N(N(S")/B) is homeomorphic to N(S”). It follows from the definition N(S")
= N(N(S’)/B) that there is a commutative diagram:

0 - Kerg > HY(S'; Z) 5 HY(N(S'); Z) - 0

I 1 mod a 1 mod 8
0 - Kerg » HY(S'/aZ) > HY(N(S')/B;Z) - 0
i) l =7 l

0 - Kerg’ » HY(S"; 2) 5 HY(N(S"); Z) = 0
I
HY(N(N(S)/B); Z)

In other words, we have a morphism in the category Esp. It is easy to show
that this defines a covariant functor.
(7.4) Consider the composite functor J = 0 o H,

H 0
(7.4.1) J:SCoEsp—> W,
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which sends a surface with nodes S’ to the skew-symmetric pairing
(HY(N(S'); Z), ). This functor is referred to in the following as the period
functor. Clearly it preserves the filtrations on SC and W:

(7.42) J:SC, > W,.

Since J factors through Esp, the induced maps P[*: H*(|W, Q) -
H*(ISC,|; Q) on cohomology map the classes y,;.,, to zero. As a result, to
prove Theorem (7.1.4), it is enough to prove the following;:

Proposition (7.4.3). Let J: R(S)— & 3/SP(Z) be the extended period
mapping, and let J|: [SC,| — |W,| be the map on the classifying spaces induced by
the functor J in (7.4.2). Then there exists a commutative diagram

H*(&%/SP (Z); Q) —— H*(R(S); Q)

*

H*(W,J; @) ———— H*(|SC,|; @)

where the horizontal maps are induced by J and [J|, and the vertical maps are
isomorphisms.

8. A K(w,1)-covering for &*/SP,(Z)

(8.1) For the proof of (7.4.3), we have to analyze the projective variety
&%/ SPg(Z) in the same manner as the Riemann space R(S).

Let 7;" be the partially ordered set of isotropic subspaces L in the standard
skew-symmetric pairing (Z2%, A). Let |Z;"| denote the simplicial complex
associated to this partially ordered set .7;“. The symplectic group SP,(Z)
operates on |Z;|, and the isotropy group P, for a simplex o satisfies the
conditions in (3.1). Denote by SP: Simg|7,"| > ¥4 the covariant functor
given by these isotropy subgroups ¢ — P,.

There is a reduced group functor associated to SP. Given a simplex
o6=(L,c L,C --- C L), we denote by P(Ly /Ly, 0/L,) the subgroup in
the automorphism group Aut(Lg /L, A) of the pairing (Lg /Ly, A) which
keeps the flag of isotropy subspaces 0 ¢ L,/L,C --- C L, /L, in Ly /L,
invariant. Let SP(¢) = P(L¢ /L, 6/L,). For a boundary map 3;, 1 < i <k,
there is a natural inclusion SP(3,): P(L{/Lg,0/Ly) = P(Lg/Lg, d,0/Ly).
For the boundary 9,, the filtration L, C L, C L{ C Ly gives rise to a homo-
morphism SP(3,): P(L§ /Ly, 0/Ly) = P(L{/L,,3,6/L,) defined by send-
ing an automorphism M in P(Ly /Ly, 0/L,) to the induced automorphism on
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Li /L,. These satisfy the simplicial identities, hence, for any inclusion o, 2 o,,
there is a well-defined homomorphism SP(3): Si’(ol) - SP( 0,).

For a group element g € SP,(Z), conjugation by g gives rise to homomor-
phisms P(Lg /Ly, 0/Ly) = P(L,-8*/Ly-g,08/L,-g) which commute
with the boundary maps. Composing the group action and the boundary map
we obtain homomorphisms Si’(a1 g2o0,): Si’(ol) - Si’(oz). This defines
our functor SP: Simgp| T, | = G4

To see that there is a natural transformation n: SP — SP, we set 6 7= (0 C
L,c --+ C L), 6 = 30" Then we can identify P, with P(0* /0, 6¥/0), and
the homomorphism si>(ao) defined above gives a surjection 7, = si>(ao):
P, —» P(Ly/L,, 0/L,). This defines a natural transformation 1 which makes
(SP, 1) a reduced SP-functor. (In the following, 5 will be understood and
dropped from the notation.)

As in (7.1), we fix an isometry between the pairing (H(S; Z), A) and the
standard skew-symmetric pairing (Z%¢,A) on Z2% Given a system a of
admissible curves, ‘there is a corresponding isotropic subspace L, defined
by the image in HY(S; Z) of the null space of HY(S/a; Z), ie., L, =
Im(HY(S/a; Z)* — HY(S; Z)). This correspondence a — L, defines an order
preserving map 7 (S)"—>J,", and so a functorI: Simp|.77(S)*| - Simgp| 7",
o — I(0) between the categories of simplices.

We compare the reduced group functors I': Simp|.77(S)*| - 94 and SP:
SimSP|‘7;'| — %4 via the functor 1. For every simplex 6 = (ay C a, C +-+ C
a,) in |(S)*|, there is a natural homomorphism I'(S/ay, 0/ay) —
P(Ly /Ly, 6/L,) defined by sending a homeomorphism ¢ in I'(S/a,, 6/ay)
to the induced automorphism ¢* on the cohomology H'(N(S/a,); Z) =
L0 /Ly of N(S/ay) (see (7.3.3)). This defines a natural transformation p:
I' - SPo1 of functors from Sim |7 ()| to Y.

(8.2) The Satake compactlflcatlcfl ©%/SP,(Z) can be analyzed in terms of
the Borel-Serre compactification &,/SP,(Z) by the following push-out dia-
grams:

1c] gC———-——+i“°1‘ 8, 88,/SP,(2) ey /SP,(Z)
(8.2.1) l £ Jf; l fs Jfg
Ry 3&*/SP,(Z) ———> &*/SP,(Z)

(see [7]).> The Borel-Serre space & ¢ 1s a disjoint union of cells e(P,) indexed

2We take the topology on &? to be the quotient topology induced by the surjection f,. This
induces the usual topology on &3 /SP,(Z).
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by the simplices in |Z;"], S ¢ = L, e(P,). Similarly, the Satake compactifica-
tion is a disjoint union of cells e(Aut(L* /L, A)) indexed by the vertices L in
|7, &% = 11, e(Aut(L* /L, X)). For every simplex 6 = (L, C L, C --- C
L,) the map f, sends the cell e(P,) to the subspace e(Aut(L; /L,, A)) in &*.
Passing to the orbit space, we have corresponding decompositions on the
Borel-Serre compactification & o/ SP(Z) =11, €'(P,y), and on the Satake
compactification &% /SP,(Z) = LI, e’(Aut(L" /L, X)), and a map f, between
them. Since these are semianalytic sets, they can be triangulated into stratified
polyhedra so that f, is simplicial.

Applying the theory of open regular neighborhoods in §4 to the stratified
space &% /SP (Z), we obtain two functors X: ¢ = X(,,, Y: {6} = ¥, of
Sim|7, *|/SP .(Z) to the category Top of topological spaces. The first consists
of an open covering X, = =NX (£,)» Where X, , is the open regular neighbor-
hood of e (Aut(Ll/L,, A)) and the second Y,y = X(,, N e(Aut(Ly /Ly, A))
is a deformation retract of the first. The geometric realizations [X|, [Y| of these
functors share the same homotopy type as &% /SP,(2).

The projection @ -8 o/ SP,(Z) is a rarmfled covering space with finite
isotropy subgroups. W1thout loss of generality, we may assume that the branch
sets are subcomplexes and so the triangulation on & o/ SP,(Z) can be lifted to
one on @ Since the 1sotropy subgroups are finite, the result is a locally finite
s1mp1101a1 structure on @ The same procedure can be applied to &3 /SP,(Z)
to get a t1’1angulat1on”3 on &%. The map f is simplicial with respect to these
two triangulations.

For a simplex 6 = (L, € L, € -+ C L,) in|.7;*|, we define ¥, to be the
inverse image in e(Aut(Ly /L, A)) of the subspace Y, in e’(Aut(Lg /L, A)).
It is not difficult to show that the boundary map Y(9,): Y, = Y, , can be lifted
to a corresponding boundary map Y(3,): ¥, - f’a .- In this way, we obtain a
functor Y: Sim sp|-7 *| > Top which is equivariant with respect to the reduced
group functor SP, and ¥|/SP 2(Z) = [Y].

Proposition (8.2.2). The space Y, is contractible.

It is well known that any torsion-free subgroup of Aut(Ly /Ly, A) acts
freely on e(Aut(Lg /Ly, A)). As an immediate consequence of (8.2.2), there-
fore, we know that the functor Y is almost universal and its quotient space
' | /SP,(Z) has the same rational homology as the quotient space of a universal
SP-functor This is, of course, not new in view of the results already obtained
in [7].

3The induced triangulation on &3 is not locally finite. However the notion of regular neighbor-
hood is well defined, as is the deformation retraction of a regular neighborhood onto its zero
section.



228 RUTH CHARNEY & RONNIE LEE

Proof of (8.2.2). Given a simplex 6 = (L, C L; C --- C L;) in |F"], we
have a filtration of subcomplexes 6, O :-- D o;, where 6,=(L,C L, , C

- € L;). From the functorial properties, there is a sequence of mappings
Y(9,): YG,_ - Y,,moi +1 = 9¢0; which covers a corresponding map Y(d,): ¥, —
Y, . . Toprove Y, contractible, it is enough to show that ¥(3,): Yoi - Yt,i+1 isa
homotopy equivalence. For once this is achieved, we have a sequence of
homotopy equivalences

¥(p,) > ¥(P,) - -+ = ¥(£,),

and the last space ¥(P, ) = e(Aut(L; /L, \)) is contractible.

Recall the map Y(9,) can be obtained as follows. First, let g; = g — rank L,,
then the space ¥, =X, N&, /SP, (Z) is a subspace in &} /SP, (Z),
and it has the open subspace X, NS ’;'/SPgl_(Z) as its regular neighborhood
in &% /SP, (Z). After deleting the boundary elements 3&7 /SP, (Z) from this

regular neighborhood, this becomes
Y, =8,/SP, (Z) NnX, =&,/SP, (Z) NX,

and the projection map of the regular nelghborhood glves our map Y(E) ):
Y, — Y, . The same holds for the covering spaces ¥,, ¥, : the space Y is
obtamed by deleting the boundary elements from the regular nelghborhood of
Yai+1 in the closure e(Aut(L;} /L, M)* = &% of e(Aut(L;" /L;, N)).

Without loss of generality therefore, we may assume that g =g,, L, =0,

=0cL,,,<c---cL,) and the problem reduces to considering the
regular neighborhood of Y ore1 in &%. Note that Y,,'_+1 is an open subspace in
e(Aut(L;, /L, 1, A)). Let Y e f’l(Y ,) be the pullback of the subspace
Y,,i+ in the Borel-Serre space @’ £ by means of f Let N (Y ) be the regular
neighborhood of ¥, in @ Note that the image of N (Y ) under f is the
regular nelghborhood of ¥, , in &%. In particular, since f is the 1dent1ty map
on the interior &, of [ 2 after deletmg the boundary element from N(Y, +1)
we recover the subspace Y in &,. It follows that the map ¥(3p): Y YGM
factors through Y

1)

- P -
Y, - Y )
where the first map P: Y - Y _ coincides with the projection of the regular
neighborhood N( Y ) b A

Note that Y 1s an open subspace in e(PL ) and so it is a manifold with
corners. It is not drffrcult to see that the normal bundle of such a submanifold
with corners in & ¢ exists and has the structure of a locally trivial fibration with
fiber a product of half lines [TR *. Since the regular neighborhood is homotopic
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to such a fibration, it follows that the map P: ¥, - Y,
equivalence.

, is a homotopy

As for the second map f Y, - f’u,. we observe that a manifold corners
Y,  has the same homotopy type as its interior Y,~+ Ne(P, ), and the

restriction of f to this interior also maps onto Y, - It follows from the work
of Zucker (see [Z]) that the projection f e(P; ) - e(Aut(L,/L,A))is a
locally tr1v1a1 fibration with contractible fiber and hence so is its restriction f
e(Py )N - f’u,. . This proves (8.2.2).

8. 3) We now remterpret the period map J: R(S) - &* 3/SP,(Z) in terms of
the functors V and Y. Since the period map is a morphlsm in the category of
projective varieties, we may assume that it is simplicial with respect to our
triangulations on these spaces. It follows that / maps the subspaces U,, V, of
R(S) into the subspaces X1 oy Yi(oy Of &%/SP,(Z), where I. Sim|.7(8)*|/T
— Sim|7,"|/SP is the quotient of the functor I described in (8.1). The first of
these maps, J: U, = X;,,, commutes with the boundary maps (which in this
case are just inclusions) and thus defines a natural transformation n,: U - X.
Clearly, the diagram

R(s)—I— &2/5P,(2)

7]

U —— K|

commutes. The maps J: V, = Y, on the other hand, do not commute with
boundary maps as the following example shows.

Example (8.3.1). Leto = {¢ C a}, where a is a system of null homologous
curves. Then « represents the zero subspace in H(S; Z) = %%, s0 I(0) = {0}.
By definition, therefore Y,y = Y, ) = ©,/SP,(Z). Consider the diagram

V, e ¥,

I(o)
v(%)! LyeI(d)
Vao A Yl(ao") :

On the one hand, y < 1(d,) is the identity map and on the other hand v(3,) is a
nontrivial deformation. Hence the diagram does not commute.

To avoid this problem we use the theory of universal spaces developed in §3.
From (5.4.1) and (8.2.3) we know that V and Y are quotlents of functors V and
Y which are almost universal with respect to I and SP respectlvely By
Proposition (3.3.1), these can be replaced by universal functors V2, Y " whose
" quotients, V' = V' /T, Y = Y'» /SP, have the same rational cohomology
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as the original functors V, Y. (The construction of the universal functors
depends on choices of torsion free subgroups I'" in I and Isp in SP,(Z). These
can be chosen so that I'” is the inverse image of I'{p under the natural map
I' » SP,(Z) described in (7.1). Here we assume such a choice.)

Lemma (8.3.2). There is a map f;: V"| — [Y ""| such that the diagram

[ns1

U] ——— X

Vi Y]

T T

|Vun1 ___f‘_,_____) |Yl]n|

induces a commutative diagram on cohomology groups.

Proof of (8.3.2). Let I Slmr|.7(S) | > Simgp|7,"| be as in (8.1) and
consider the composite functor SPo1: Sim |7 (S)"} - 4. Then the natural
map I' » SP_(Z) described in (7.1) gives rise to a natural transformation
r-i- SP 1 which is a surjection for each ¢ € [Z($)"}, T, » I, » SPI(U)
This makes SPoI a reduced I-functor. Now the functors V2, Y"iol:
Sim |7 (S)"| — Top are almost universal with respect to I' and SP <1 respec-
tively. We can therefore apply Proposition (3.2.3) to get a I'-equivariant map
Vur| — Y9 of|. Replacing V" by its “dualization” V3° if necessary (see
Remark (3.2.4)), we may assume that this map is simplicial, that is, that it
arises from a natural transformation J U2 V3% — Y9 oI, Let J9 VE° — Y o]
denote the induced transformation of quotient functors.

Note that there is a canonical map

Yol > Y|
I I
I jeix v/~ ——— 1 rixym/-~

ol ()T €7 |/SP

defined by identifying |o| X Y;{gy with |I(0)] X Yy7,. Similarly for [X~I| and
[Y < I|. Consider the diagram:
n,l: U] Xol| ——— K|
\ [Y el Y|

Lo ] f

[y Vp™ = [Y " oI} —— Y™
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Clearly the two squares on the right commute, so to prove the lemma, it
suffices to verify that the left square induces a commutative diagram on
cohomology. But since all of the maps in the diagram arise from natural
transformations, the induced maps on cohomology are completely determined
by their component parts:

J
U, — X;(,)

L

|4 )/I(o)

a

I

(Vﬁm) o > YI‘(“;)

Recall from the discussion preceding the lemma that the period map J maps
V, into Y;,, (but does not respect boundary maps). The maps U, —» V, and
X1(oy = Yi(s) are deformation retractions hence are homotopy inverses of the

mnclusions V, <= U,, Yy, <> Xy, It follows that the diagrams

J
(]o XI(G)

-
Vo_————))fl(a)

are homotopy commutative. Thus it remains only to show that

J
Ve —— YI(a)

(8.3.3) I m I

J
(Vl;m)o———) )/II(IE)

is homotopy commutative. For this it suffices to show that J: V, — ¥, can
be lifted to a map J: v, > Y,(o), for in this case, the diagram (8.3.3) lifts to a
diagram

f/a — i’i(a)
(8.3.4) I
- Jen -
(VD )6 — Yf(a)
of I';-equivariant maps. Since I, acts freely on (¥*),, and Y,(,) is contract-
ible, there is a umique such map (VD ) Y,(,), up to T, s-equivariant homo-
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topy. It follows that for any lifting J of J, (8.3.4) commutes up to Io‘a-equi-
variant homotopy and hence (8 3. 3) commutes up to homotopy.

It remains to construct J: ¥; — Y,(,,) Cons1der first the case of a 0- sunplex
& = (ay), I(o) = (Ly). In this case, V(a = (R(S/ao)), where #,
D(S/ay) — R(S) is as in (5.2). Let N(S/ao) denote the normalization of
S/ay. Then there is a natural identification of V, , with D(N(S/a,)) (or
equivalently, with the Teichmiller space T(N(S/a,))) given by sending a
homeomorphism S - S/a, to the induced homeomorphism N(S') —
N(S/a,) of the normalizations. Since N(S/a,) is nonsingular, the period map
J, restricted to R(S/ay), lifts to a map faoz

7
Viap) = = D(N(S/ag)) ———— e(Aut(Lg /Lo, \)) © Sy

huo T k2

R(S/ay) ! e'(Au(L$ /Lo, \)) € &3/58,(2)

(see (7.1)). In particular, since Y,(a y = = e(Aut(Ly /Ly, \)), we have J, (V(a )
S Yiapy i

In general, for any 6 = (ag < a; < -+ < a) in |F(S)"}, V; is contained
in ¥, ), s0me J, (V) =Joh,(V;) =J(V,) € Yy, hence

Jao(Va) < W_I(YI(o)) N e(Aut(Lé/LO, >\)) = Y-

Thus ja03 v, > ~;(5) is the desired lift of J: ¥, = Y. This completes the
proof of the lemma.

(84) Let J: SC, » W, be the functor of (7.4.1). To complete the proof of

Proposition (7.4.3), and hence also of Theorem (7.1.4), it remains to verify the
following lemma.

Lemma (8.4.1). There exist homotopy equivalences |SC,| 5 [V W 5 Y™
such that the diagram

b
VoR] — [y

-

ISCy| ——> W,

commutes up to homotopy.
Proof of (8.4.1). The proof is another application of the theory of universal
functors. Recall from the proof of (8.3.2) that f; is a composite

ey
[Ver] =[vp7 = [y e 0| — [y,
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By definition, V5, Y oI are quotients of functors V3", ¥ oI, universal with
respect to I' and SPoT respectively. The natural transformation J** is the
quotient of the unique (up to I'-equivariant homotopy) natural transformation
Jun: Ypo — Y0 o], We need to interpret the map [J|: ISC,| — [W,| similarly as
the quotient of a map of universal functors. In (6.3) it is shown that there is a
universal T-functor SCF Sim |7 (S)*| — Top such that |SCF |/T is canoni-
cally homeomorphic to ISC,|. The same procedure can be applied to the
category W, to obtain a universal SP-functor WF Sim gp| 7| — Top such that
[WF |/SP (Z) is canonically homeomorphic to |W |- For this, we first lift W, to a
category W with SP,(Z)-action whose objects are quadruples (¢, L, P, A) such
that L is a vertex in ||, (P, A) is an object in W, and ¢: (L*/L,A;) —
(P, A) is an isometry. A morphism ¢: (¢, L, P, A) = (¢’, L', P’, A) in Wg is
defined by an inclusion relation L € L’ together with a morphism (L”, ¢/):
(P, A) = (P, \') in W, such that the diagram

(L /LA ) —2 s (P, A)

i
0, ¢
(L/.L/L/, AL’) ¢ (P? 5 (P', A’)

is commutative in W,. The action of M & SP,(Z) on Wg is given by M -
((P, L,P, A) = (‘!’Mo P> L-M,P, A)9 where l!JM: ((L . M)-L/(L ) M)9 >\L~M)
— (L*/L, \,) is the isometry induced by M~ 1,

Now, arguing as in (6.2) and (6.3), one has forgetful functors F: Wg - W,
and Fy: Wg — .. The first induces a horPeomorphism |Wg|/1‘ = [W,|. The
second is used to define “fiber categories” W, whose objects are sequences of
morphisms in W lying over o € |, +| and whose morphisms are commutative
diagrams. The resultmg spaces |W,| are universal spaces for SP,
P(Ly/Lg, 06/Ly) and thus define a universal SP-functor, WF Simgp| .7, +| -
Top, such that |WF | =W .| and hence |Wg |/SP(Z) = [W,}. The details are
exactly as in (6.2), (6.3) and we leave their verification to the reader. Compos-
ing with I: Sim|.7(S)*| — Simg|;*|, we obtain a universal SPI-functor,
W[ oI: Simp|Z77(S)*| - Top, and a canonical map W[ 01| — W[,

Con51der the functor J: SC, - W,, R - (Hl(N(R) Z), M), of (7.4). This
lifts to an equivariant functor ¥ SC - W, (p,S/a, R) ~ (N(p)*,
HY(N(R); Z), \), where L = Im(Hl(S/a, Z)l—> HY(S; Z)) and N((p)*:
L} /L,= H(N(S/a), Z) > H(N(R); Z) is the isometry induced by the
normalization of ¢, N(¢): N(S/a) = N(R). Recalling (8.1), the correspon-
dence a — L, induces the map I: |7(S)*| - |7z}, so there is a commutative
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diagram:

—_— Wi .
|SCs| ——— W

l

i
7 (8)" | — 7]

It follows that J induces maps of fiber categories J: §6 - W,(a) and hence a
natural transformation of universal functors J¥: SCF — WF o]. Comparing
this with the natural transformation J*; V* — Yoo, the ng1d1ty of univer-
sal functors (Proposmon (3.2 3)) implies that there exists homotopy equiva-
lences [V°| —> |SCF | and [Y *" o] - |W," oT| such that the diagram

lvun| _l___) |Yun I|

F L, T

[S€5| —— W]

is commutative up to I'-equivariant homotopy. Taking quotients by the action
of I', Lemma (8.4.1) follows immediately.
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